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Abstract 



This dissertation has two main parts. The first part deals with questions relating 
to Haghverdi and Scott's notion of partially traced categories. The main result is 
a representation theorem for such categories: we prove that every partially traced 
category can be faithfully embedded in a totally traced category. Also conversely, 
every monoidal subcategory of a totally traced category is partially traced, so this 
characterizes the partially traced categories completely. The main technique we use 
is based on Preyd's paracategories, along with a partial version of Joyal, Street, and 
Verity's Int construction. Along the way, we discuss some new examples of partially 
traced categories, mostly arising in the context of quantum computation. 

The second part deals with the construction of categorical models of higher-order 
quantum computation. We construct a concrete semantic model of Selinger and Val- 
iron's quantum lambda calculus, which has been an open problem until now. We do 
this by considering presheaf categories over appropriate base categories arising from 
first-order quantum computation. The main technical ingredients are Day's convolu- 
tion theory and Kelly and Freyd's notion of continuity of functors. We first give an 
abstract description of the properties required of the base categories for the model 
construction to work; then exhibit a specific example of base categories satisfying 
these properties. 



ii 



Acknowledgements 



I want first to express my very deep gratitude to Phil Scott and Peter Selinger. This 
thesis would never have come into existence without their advice and encouragement. 
I have also benefited from stimulating discussions with Sergey Slavnov, Benoit Val- 
iron and Mark Weber. I am grateful to my examiners, Richard Blute, Robin Cockett, 
Pieter Hofstra and Benjamin Steinberg, for their helpful comments and useful sug- 
gestions on this work. I am in addition particularly indebted to the University of 
Ottawa and Dalhousie University. Finally, I would like to thank Ines and Reina for 
supporting me throughout my time as a student. 



iii 



To Magdalena 



iv 



Contents 



Abstract |ii 
Acknowledgements 

y 

1 Introduction [l| 

2 Some mathematical background 4 

2.1 Monads and adjunctions 4 

2.2 Monoidal categories 7 

2.3 Monoidal adjunctions and monoidal monads l9 

2.4 The finite coproduct completion of a category 11 

2.5 The functor <l> : FinSet ^ C+ 19 

2.6 Affine monoidal categories 21 

2.7 Traced monoidal categories 24 

2.8 Graphical language 25 

2.9 Compact closed categories [26 

3 Categories of completely positive maps |28 

3.1 Completely positive maps 28 

3.2 Superoperators [30 

4 Partially traced categories |32 

4.1 Partially traced categories [33 



V 



4.2 Examples of partially traced categories 35 

4.2.1 Finite dimensional vector spaces 35 

4.2.2 Stochastic relations 36 

4.2.3 Total trace on completely positive maps with ® 43 

4.2.4 Partial trace in the category Vect 46 

4.2.5 Completely positive maps with © 57 

4.3 Partial trace in a monoidal subcategory of a partially traced category 61 

4.4 Another partial trace on completely positive maps with © 70 

4.5 Partial trace on superoperators with © and © |71 

A representation theorem |73 

5.1 Paracategories 74 

5.2 Symmetric monoidal paracategories 75 

5.3 The completion of symmetric monoidal paracategories 77 

5.4 Compact closed paracategories 82 

5.5 Freeness 83 

5.6 Partially traced categories and the partial Int construction |85 

5.7 Representation theorem for partially traced categories 114 

5.8 Universal property Ill4 

Background material on presheaf categories Ill7 

6.1 Universal arrows, representable functors, and the Yoneda Lemma . . 117 

6.2 Limits and colimits 118 

6.3 Dinatural transformations, ends, and co-ends 120 

6.4 Indexed limits and colimits 122 

6.5 Idempotent adjunctions 126 

6.6 Lambek's completion for small categories 127 

6.7 Kan extensions 138 

6.8 Day's closed monoidal convolution 140 

6.9 The reflective subcategory [C, 141 

6.10 Day's reflection theorem 149 

6.11 Application of Day's reflection theorem to presheaves Il58 



vi 



7 Presheaf models 

7.1 Definition of a categorical model for quantum lambda calculus 

7.2 Outline of the procedure for obtaining the model 

7.3 Categorical models of linear logic 

7.4 Linear-non-linear models on presheaf categories 

7.5 Idempotent comonad in the functor category 

7.6 A strong comonad 

7.7 If C has finite coproducts then Ct has finite coproducts .... 

7.8 The functor H : V ^ Ct 

7.8.1 Preliminaries 

7.8.2 Definition of H 

7.8.3 C : Ct — ^ is a strong monoidal functor 

7.8.4 if is a strong monoidal functor 

7.8.5 H preserves coproducts 

7.9 Ft H Gt is a monoidal adjunction 

7.10 Abstract model of the quantum lambda calculus 

8 A concrete model 

8.1 An example: Srel/^ 

8.2 The category Q" and the functors $ and \1' 

8.3 A concrete model 

9 Conclusions and future work 



vii 



Chapter 1 
Introduction 



Quantum computers are computing devices which are based on the laws of quantum 
physics. While no actual general-purpose quantum computer has yet been built, 
research in the last two decades indicates that quantum computers would be vastly 
more powerful than classical computers. For instance, Shor proved in 1994 that the 
integer factoring problem can be solved in polynomial time on a quantum computer, 
while no efficient classical algorithm is known. 

The goal of this research is to extend existing connections between logic and 
computation, and to apply them to the field of quantum computation. Logic has 
been applied to the study of classical computation in many ways. For instance, the 
lambda calculus, a prototypical programming language invented by Church and Curry 
in the 1930's, can be simultaneously regarded as a programming language and as a 
formalism for writing mathematical proofs. This observation has become the basis for 
the development of several modern programming languages, including ML, Haskell, 
and Lisp. 

Recent research by Selinger, Valiron, and others has shown that the logical sys- 
tem which corresponds most closely to quantum computation is the so-called "linear 
logic" of Girard. Linear logic, a resource sensitive logic, formahzes one of the cen- 
tral principles of quantum physics, the so-called "no-cloning property" , which asserts 
that a given quantum state cannot be replicated. This property is reflected on the 
logical side by the requirement that a given logical assumption (or "resource") can 
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only be used once. However, the correspondence between linear logic and quantum 
computation has only been established at the syntactic level; it is an important open 
question how to construct semantic models of higher-order quantum computation. 

In a series of fundamental works, Girard has examined dynamical models of proofs 
in linear logic and their evaluation under normalization, using C*-algebras and func- 
tional analysis. This program, which he calls "The Geometry of Interaction", has 
recently received increased attention as having deep connections with quantum com- 
putation and quantum protocols. See especially the work of Abramsky and Coecke 
[3] and of Haghverdi and Scott [31], [36], who have given categorical descriptions of it. 
Using the work of Joyal, Street and Verity they organize these ideas systematically 
into a theoretical framework based on the abstract notion of a traced monoidal cate- 
gory. Scott and Haghverdi showed how these techniques could be re-introduced and 
extended to handle a typed categorical version of Girard's "Geometry of Interaction" 
through the notion of a partially traced category. 

One of the objectives of this thesis is to systematically explore this new notion 
of partially traced category by providing a representation theorem which establishes 
a precise correspondence between partially traced categories and totally traced cate- 
gories. Also, we want to use this framework to elucidate how to build new partially 
traced categories in connection with some standard models of quantum computation. 

A second objective of this thesis is to construct mathematical semantical models of 
higher-order quantum computation. While the algorithmic aspects of quantum com- 
putation have been analyzed extensively, the consideration of quantum computation 
as a programming paradigm in need of a programming language has been explored 
far less. 

One of the most fruitful methods used to explore the general idea of computational 
effect in computer science has been the use of computational monads in the sense of 
Moggi. We study models that exhibit this feature based on linear logic, taking insights 
and inspiration from Day's characterization of convolution in presheaf categories. In 
addition we use Freyd-Kelly's notion of continuous functors, as well as Selinger's 
models for first-order quantum computation. 

The basic idea is to start from existing low level models of quantum computation. 
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such as the category of superoperators, and to use a Yoneda type construction to 
adapt and extend these models to a higher order quantum situation. The tool used 
to lift this category is Day's theory for obtaining monoidal structure in presheaf 
categories. Also, this work partly builds on previous research by Benton et al. on 
categorical models of linear logic. More precisely, we give a method for constructing 
models that depends on a family of possible choices. 

Specifically, the model construction depends on a sequence of categories and func- 
tors B — > C — > "D, and on a family F of cones in T>. We use this data to obtain a pair 
of adjunctions 

, Set] ^ i ^ [C"P, Set] ^ ± " [V"p, Set]r 

G 

and give sufficient conditions on B — > C — > X> and F so that the resulting structure is 
a model of the quantum lambda calculus. 

This provides a general framework in which one can describe various classes of 
models that depend on the concrete choice of the parameters S, C, T>, and F. 



Chapter 2 



Some mathematical background 

The aim of this chapter is to review some basic categorical background material that 
is needed to understand this thesis. For a more detailed discussion, see [51], [IS], and 
[52] . The reader who is already familiar with category theory can skip this chapter 
initially, and refer back to it when needed. 

2.1 Monads and adjunctions 

In what follows, Idc is the identity functor on a category C and 1g is the identity 
natural transformation on a functor G. Given a category C, the symbol C{A, B) 
denotes the set of morphisms from AtoB. 

Definition 2.1.1 (Adjunction). Let A and B be categories. An adjunction from 
^ to i3 is a quadruple (F, G, r/, e) where F : A ^ B and G : B ^ A are functors 
and 7] : Jrf^ ^ GF and e : FG =^ Id^ are natural transformations such that: 
{Ge) o {rjG) = Iq and (eF) o {Ft]) = If- The functor F is said to be a left adjoint 
for G OT G a. right adjoint for F and we use the following notation: F -\ G or 
(F, G,ri,e) : A ^ B OT even more graphically 

F 

A~T^B. 

G 
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Definition 2.1.2 (Monads). A monad or a triple on a category C is a 3-tuple (T, rj, fi) 
where T : C — )■ C is an endofunctor and t] : Mq =^ T (unit law), fi : T"^ ^ T (multi- 
plication law) are two natural transformations, satisfying the following conditions: 



ToIdc^T^ 



IdcoT 




J.2 



>T 



Theorem 2.1.3 (Ruber). If F -\ G with unit r] : Idj, 
Ids, then {GF,ri,GeF)is a monad on A. 

Proof. See Lambek and Scott [52] . 



GF and co-unit e : FG 



□ 



Suppose we have two adjunctions: (F, G,rj,e) : A ^ B and (F', G', r^', e') : i3 ^ C 

F F' 

AZ — ~ 



B' 



C 



G 



G' 



We can consider the composite: {F' F, GG', Grj'F o ri,e' o F'eG') : A ^ C yielding an 
adjunction from A to C. Therefore, by Theorem 12.1.31 (T, r/, fi) with T = GG'F'F, 
fj = Grj'Forj and fx = GG'{e' o F'eG')F'F is a monad defined by this new adjunction. 
Next we recall the comparison theorem for the Kleisli category. 

Definition 2.1.4. Given a monad (T, ?7,/i) on a category C, the Kleisli category Ct 
is determined by the following conditions: 

- Ohj{CT) = Ohj{C) 

- Ct{A,B) =C{A,TB) 

j!K gK 

- f^ = o T{g) o / when A ^ B and B ^ C are arrows in Ct- The 
identity is given hy 1^^ = rjc : C TG. 



There is an adjunction between the category C and the Kleisli category Ct, given 
by the following: 



Ft{A) = A and FT^f) = 77^ o / if A — )■ i? is an arrow in C. 
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• Gt{B) = T{B) and G'r(/^) = o T{f) ifA'-^B is an arrow in Ct- 

The adjunction Ft H Gt has the following universal property: given any other 
adjunction F -\ G such that G o F = T, there exists a unique functor C : Ct ^ T>, 
called the comparison functor, with the following properties G o Ft = F and G oG — 
Gt- 

• G{A) = F{A) on objects and -Ft(/) — r]B o f if A ^ B is axi arrow in C. 

• G{f) — SpB o F{f) when A^ B is dM arrow in Ct- 



F 

c 1 — 




Ct 

First we evaluate the identity: C(l^) — G{rjA) — Sfa° F{r]A) — ^fa by definition 
of the adjoint pair. 

fK gK 

Now, suppose we have A ^ B and B ^ G a pair of arrows in Ct i-e. a pair 
A 4 GFB and S 4 GFC in C. We want to prove that G(g ok f) = G(g) o C(/). 
We have that: 



Ff 




FGFB 



^FGFC 



FTg=FGFg 

FGFGFG- 

F{nc)=FGeFc 

FGFG 



-^FB 
Fg 

FGFG 

£FC 

^FG 



Where the top square commutes by naturality of e with F[g) and the bottom square 
by naturality of e with Spc- The top leg of the diagram is G{g) o G{f) since G{f) — 
Efb o Ff and G{g) = Efc o Fg. The bottom leg is G{g or f) = epc ° F{g /). 
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Notice that the comparison functor is fully faithful. The definition of the functor 
between hom-sets is given by 

C : Ct{A, B) V{C{A), C{B)) 

{A 4 TB) ^ {FA FGFB FB) 
Therefore define a function by 

C-^ : V{FA, FB) Ct{A, B) 
{FA 4 FB) ^ (A 4 GFA GFB) 
i.e., C-\g) ^ G{g) o r)A. 

2.2 Monoidal categories 

Definition 2.2.1. A monoidal category, also often called tensor category, is a cate- 
gory V with a unit object / G V together with a bifunctor (g) : V x V — )■ V and natural 
isomorphisms p : A ® I ^ A, \ : I ® A ^ A, a : A ® {B ® C) ^ {A ® B) ® C , 
satisfying the following coherence axioms: 



A®{I ®B) 



{A®I)®B 



l<g>A 



A®B 



and 



A®{B®{C® D)) {A®B)0{C® D) {{A ^B)®C)®D 



{A ^ {{B C) ^ D) 



{A(^{B^C))^D. 



Definition 2.2.2. A symmetric monoidal category consists of a monoidal category 
(V, §>>,/,«, p. A) with a chosen natural isomorphism a : A i^) B ^ B i^i A, called 
symmetry, which satisfies the following coherence axioms: 

A^I^I^A 



Ai^B^B^A 



id 



A^B 



A 
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and 



A^{B®C) {A®B)^C C^{A^B) 



A®(C®B) (A®C)®B (C (8) A) (8) B. 

Definition 2.2.3. A symmetric monoidal closed category category is a symmetric 
monoidal category V for wliicli each functor — ® B : V ^ V has a right adjoint 
[S,-] : V^V, i.e. : 

V{A®B,C)^V{A, [B,C]). 

Definition 2.2.4. A monoidal functor {F,mA,B,'m'i) between monoidal categories 
(V, <S>, I, a, p, A) and (W, <8)', a', p', A') is a functor F : V ^ W equipped with: 

- morphisms mA,B ■ F{A) (g)' F{B) F{A (g) B) natural in A and B, 

- a morphism mi : /' F{I), 

which satisfy the following coherence axioms: 

FA ®' {FB ®' FC) FA 0' F{B ^ C) F{A ® C)) 



{FA (g)' FB) (g)' FC'^ F(A (g S) ®' FC F{{A (g S) (g) C) 



Fa 



FA 

l®'m 

FA ®' F/ ■ 



FA 



Fp 

■F(A®/) 



/' ®' FA - 
F7 FA 



A' 



FA 



F(A) 

F(7® A). 



A monoidal functor is strong when mj and for every A and B tua^b are isomor- 
phisms. It is said to be strict when all the uia^b and mj are identities. 

Renicirk 2.2.5. Throughout the remainder of this exposition whenever we write 
(F, m) we symbolize a monoidal functor where m not only represents the natural 
transformation mA,B '■ FA (g) FB F(A (g) B) but also mj : I ^ FI relating the 
units of the two monoidal categories. 
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Definition 2.2.6. If V and W are symmetric monoidal categories with natural 
symmetry maps a and a', a symmetric monoidal functor is a monoidal functor 
{F,mA^B,fni) satisfying the following axiom: 

FA (S)' FB ^ FB ®' FA 



F{A®B) 



F(a) 



F{B®A) 



Definition 2.2.7. A monoidal natural transformation 9 : {F,m) — t- {G,n) between 
monoidal functors is a natural transformation 6a '■ FA — )■ GA such that the following 
axioms hold: 



FA ®' FB ■ 

eA®'e 
GA ®' GB 



■F{A®B) 
GiA^B) 



01 




GL 



2.3 Monoidal adjunctions and monoidal monads 

Definition 2.3.1. A monoidal adjunction 

{F,m) 

(V,®,/)^(W, 

(G,n) 

between two monoidal categories V and W consists of an adjunction (F, G, rj, e) in 
which {F, m) and {G, n) are monoidal functors and the unit rj : Id ^ G o F and 
the counit e : F o G ^ Id are monoidal natural transformations, as defined in 
Definition 1^X71 

Definition 2.3.2. Let (V, (g), /) be a monoidal category. A monoidal monad 
(T, rj, /i, m) on V is a monad (T, rj, n) such that the endofunctor T : V — V is a 
monoidal functor (T, m) with niA B '■ TA ® TB — )■ T{A ® B) and m : I ^ TI as 
coherence maps, and the natural transformations rj : Id ^ T and fi : T"^ ^ T are 
monoidal natural transformations. 
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Lemma 2.3.3. Let T be a monoidal monad. Consider the Kleisli adjunction 
C ^ -L" Ct as in Definition \2.1.4\ Then Ct is a monoidal category and Ft H Gt 
is a monoidal adjunction, where 

- m^B- Ft{A) ® Ft{B) Ft{A ® B) is given hy rj : A® B ^ Ti^A ® B), 

- mJ = 7]i:I^T{I), 

- ^AB ■ Gt{A) (g) GriB) GriA B) is given by mA,B ■ T{A) O T{B) 
T{A®B), and 

- nj = rii : I T{I). 

Definition 2.3.4. A strong monad {T,ri,fi,t) is a monad {T,ri,fi) and a natural 
transformation tA,B '■ A ® TB — )• T{A (g) B) called a strength satisfying the following 
axioms: 



I ®TA^^T{I ®A) 
r(A) 
T{A) 

{A®B)®TC 



A®B 



VA^B 



A®TB 

tA,B 

T{A®B) 



■T{{A®B)®C) 



OlA,B,TC 



T(aA,B,c) 



A®{B®TC)~~^A®T{B®C)j^T{A®{B®C)) 
A ® T'B -^T{A ® TBf^T\A ® B) 



A®TB- 



tA,B 



t^A^B 



■T{A®B). 



Remark 2.3.5. Let {T,ri, ^,m) be a symmetric monoidal monad. A strong monad 
can be defined in which the strength tA,B is given by the following formula: 

A®TB ^TA®TB"^ T{A® B) 



see Theorem 2.1 in HOl. 
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We conclude this section with a theorem by Kelly. 

Proposition 2.3.6 (Kelly). Let {F,m) : C ^ C be a monoidal functor. Then F has 
a right adjoint G for which the adjunction (F, m) H (G, n) is monoidal if and only if 
F has a right adjoint F -\ G and F is strong monoidal. 



Proof. Here we give a sketch; see |12], [H] or |55] for a detailed proof. Since we have 
that C'(-FA, B) = C{A, GB) then there is a unique nA,B and nj such that: 



F{GA ® GB) 

'"''GA,GB 

FGA ®' FGB 



F{nA,B) 



FG{A (g)' B) 
-^A®' B 



FI^FGP 



r 



Then using the adjunction we check that this candidates satisfy the definition. □ 



2.4 The finite coproduct completion of a category 

We recall some properties of the finite coproduct completion of a category. A reference 
can be found in |17j . 

Definition 2.4.1. Let us consider the category FinSet whose objects are finite sets 
A = {oi, . . . , a„} and whose arrows are functions. To avoid any problem about the 
size of this category, we assume without loss of generality that all objects of FinSet 
are subsets of a given fixed infinite set; thus FinSet can be regarded as a small 
category. 

Note that FinSet has finite coproducts and products. 

Definition 2.4.2. Let C be a category. The category has as its objects finite 
families of objects of C: V = {Va}aeA, with A a finite set. A morphism from V = 
{Va}aeA to W = {Wb}beB cousists of the following two items: 

- a function (j) : A ^ B 

- a family / = {fa}aGA of morphisms of C 
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Notation: We shall denote a morphism of as a pair F = (0,/). Moreover, 
sometimes we write instead of {Va)b to emphasize some particular set index sub- 
script, and in the same way for arrows. 

Before we study any possible structure in C'^ we observe that this is really a 
category. The identity map is given by taking = idA the identity function on A and 
fa — Iva) the identity map in C, for every a & A. 

Composition is defined by the following rule: if F = (0,/) and G — {ip,g) then 
Goc+ F ^ {i/jo 0, {g^^a) o fajaeA)- 

To verify the associative law for the composition we have that if F = {(t>,f), 
G — (■0, g) and H — (A, h) then: 

H O {G O F) = H O O (f), O fa}a€A) = (A O (^^ O 0), {/l^o0(a) O {g^(a) ° fa)}aeA) = 

((A o V^) o 0, {(/iv.(0(a)) o g<t>{a)) ° fajaeA) = {Xoijj, {h^^b) o g^jbes) oF = {H oG)oF. 
Lemma 2.4.3. C'^ has finite coproducts. 

Proof. On objects we have that \iV = {K}aGA, W = {Wb}beB then V®W = {Zc}cec 
where C = A + B is the coproduct in FinSet. We take ^ini(a) = K and .^in2(6) = ^6 
for every a e A, b e B. Thus, © is just a concatenation of families of objects of 
C. 

Injections maps are defined in the following way: 

•1 -2 

{VajaeA {Zcjcec and {WbjbeB {Zcjcec 
where — (irii, Id\), — (m2, Id^) are given by: 

A^A + B B ^ A + B injections in FinSet 

and Id\ = {ia}aeA, Id^ = {^f}beB where K ^ K and Wb Wb are identities 
in C. 

Notation: Sometimes we shall use F for Z, so we have the following notation 

vew^{{v®w),},^A+B. 

There is also an initial object that we shall denote by e. It is the empty family of 
objects. The unique morphism e {WbjbeB is given by ew = (0,0)- 

□ 
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With any category C, we associate a functor / : C — ;> C"*" as follows, I{V) = 
V^ — V and when there is a / : \^ ^ W in C then /(/) — {idi, with — f. 

Proposition 2.4.4. Given any category A with finite coproducts ]J and any functor 
F : C ^ A, there is a unique finite coproduct preserving functor G : C'^ ^ A, up to 
natural isomorphism, such that G o I — F. 



C—^A 

Proof. We shall begin by considering the definition of the functor G : C'^ ^ A that 

assigns to each object V = {Va}aeA the coproduct G{{Va}aeA) = UaeA -^(^a) 
category A. For any arrow {K}aeA {WbjteB we define G{(/), f) = [«f(w^^(,)) ° 
F{fa)]aeA as the unique arrow in A such that the following diagram commutes: 



F{V^)^^F{W,^^^) 



We must show that G is a functor. To see this, suppose we have 

{Va}aeA ^ {W,},^B {ZcUc 



then by hypothesis 



F{W,) — 



F{9b) 



G(V,<?) 



therefore using the case h = 4>{a) we obtain 



UaeAnVa) 



G{i>,g) 
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then by unique existence property of coproducts we have that G{{ilj,g) o {(f), f )) = 
G{ip,g) o G{4>,f). Also by uniqueness it is easily to check that G(ici^,ici^) = 

The functor G preserves coproducts. To see this let us consider — {V^}aeAi: 
i e I then 

GiOieiV') = G{(BMV:}aeA.) = G{{Z,U^^^,a,) = jj F{Z,) = Y[{Y[ F{V:)) = 

= IlG({K}aeAj = nG(n 

iel i<=I 

with Zc = if m^.(a) = c. It remains to verify that G is unique up to natural 
isomorphism. Suppose there is another H preserving coproducts such that Hoi = F. 
Therefore, using the definitions given above of coproduct in C~^, the functor G and 
the fact that by hypothesis H preserves coproducts, we calculate on objects 

H{{Va}aeA) = H{®aeA{V:}.el) = ]} H{{V:U,) = 

aeA 

= II HiHVa)) = II F{K) = G{{KUa) 

aeA aeA 

Suppose we have a morphism {VajaeA —r {Wb}beB with (p : A ^ B and / = 
{fa}aeA then using the coproduct in we consider a decomposition of it, up to 
isomorphism, in the following way 

(BaeA{V:Ui "'"'^ ®beB{W^hei 
these morphisms are explicitly given by 

{V:Ui '-^ {Wt^^^Ui ®beB{W'^hei 
where /(/„) = (icii, {/"}*ei), iw^^^^ = (in^a), with 1 ©^1, 

W^^a) * — > W^^a) and ®beB{V^}*ei = {^dceesi with = = Wb. 

Since H preserves coproducts 
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where the second equaUty is justified by the following 

hence using again that H preserves coproducts, up to isomorphism, we have 

beB 

this means by definition of the functor I, 

beB 

but, by hypothesis we know that H o I — F, 

beB 

□ 

Corollary 2.4.5. is the free finite coproduct completion generated by C. 

Proposition 2.4.6. If C is a symmetric monoidal category then is also a sym- 
metric monoidal category. 

Proof. Assume that V — {K}aeA and W — {Wb\b^B are objects in C"*" then we take 

V ®c+ W — {Va <Si Wb}(^a,b)eAxB whcrc Ax B is the finite product of sets. 

The tensor extends to morphisms, if V — > X, W — > Y, with X — {XcjceCi 

Y = {Yd}deD, F = {(f), f), G = {i),g) then F (g) G = (0 x i^J®g) is given by the 
following data: 

- 4)Xil:: AxB^CxD,{(t)X ilj){a,b) = (0(a), ^^(6)) 

- f^9 = {{f^g){a,b)}(a,b)eAxB where we have that 
{f^9)ia,b) ■ {V (8) W)^a,b) — > (XiS) Y)^^^^)(^a,b) IS defined by: 

fa<^gb-Va<^Wb > X<^(a) <^ Y^^b) 
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To prove that — ®c+ — : C"*" x C"*" — ?■ C"*" is a bifunctor one first calculates the definition 
by using that Iaxb = 1a x 1^ and ly, (g) Iw, = ly^^iy,. 

Next, we shall prove that (F o F') ® (G o G') = (F ® G) o (F' O G'). Suppose: 
F' = F = (ry, /i), G' = (V', G = (e, k) where 

{K}ae^ {^cjceC {Ze}eeE 

and 

Therefore, (FoF') ® (Go G') = {{v°(l^) ^ i^°^j),{{h<i>(a)°fa)(^{k^(b)0 9b)}ia,b)eAxB) = 
{{V X ° (0 X {(V'i) ® ^V'(f')) ° ifa ^ 9b)}(a,b)eAxB) = (F ® G) o (F' ® G') where 
we simplify the notation of the tensor symbol. The unit of the tensor is given by 
/ = {/*}*£{*}■ The tensor functor is equipped with the following set of isomorphisms: 

- V ^ I ^ V, cind I ^ V ^ V where V = {K}aeA, / = {/*}*£{*} then 

These maps are given by: p = {p, r) with p : Ax {*} — )■ A, p{a, *) = a and with 
r = {r(a,*)}(a,*)eAxi where r(^a,*) = rva, K ® In an analogous way is 

defined A = (A, i). 

- If y = {VajaGA and W = {Wb}b^B then a = (o", s) with a : A x B ^ B x A, 

a{x,y) = {y,x) and s= {s(^^y)}(^^y)eAxB, where S(^^y) = s i.e, 

- If y = {Va}aeA, W = {W^blbgB, ^ = {^c}cec, then a = {a, a) with a : A x (S x 
G) (A X S) X G, q;(x, = and a= {a(x,(y,2))}(cc,(2/,2))eAx(BxC), 
where a(a;,(2/,2)) = a i.e., 

14 {Wy ® Z^) ^ (14 ^ Wy) 



Coherence follows by definition, coherence in FinSet and coherence in the symmetric 
monoidal category C. □ 
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Remark 2.4.7. Notice that the distributivity condition V {W ® Z) = {V ^W) ® 
(y (g) Z) is satisfied with the map: 

D:V^{W®Z)^{V®W)®{V®Z) 

where V = {KjaeA, W = {W^jbeB, Z = {Z,},^c, D = {6, Id) in which 6 is the 
bijective function 6 : {A + B) x C ^ {A x C) + {B x C) and Id = {ld}de{A+B)xC- 

Example 2.4.8. If 1 is the one object, one arrow strict symmetric monoidal category 
with the evident monoidal structure then 1^ = FinSet and ®i+ = x and / = 1. 



Proposition 2.4.9. Under the hypotheses of Proposition \2^4-4\ assume that the cate- 
gories C and A are symmetric monoidal. Then I is a symmetric monoidal functor. If 
moreover F is a symmetric monoidal functor and tensor distributes over coproducts 
in A, then G is a symmetric monoidal functor. Moreover, if F is strong monoidal 
then so is G. 

Proof. We first show that J is a monoidal functor by considering: 

I{V) (g) I{W) I{V ® W) 

where V = {K}*ei, W = {M/*}*ei and u = (/i, {l]f (g) ir}(*,*)eixi) with : 1 x 1 1 
and 1^ (g) 1^ = ly (g) Iw- It is easy to check that all the axioms of the definition are 
satisfied. As an example we have that by routine calculations the following axiom is 
satisfied: 



CTr r1 (P.{^*,*}(*,.)elxl) rT^T 

IK (g) /*|(*,*)Gixi ^ 



el 

I{r) 



{K (g) /*}(*,*)eixi ^ {{V (g) /)*}*ei 

since pi = and {rv)^i(*,*) = (rv)* = ry = r^^^. 

Next assuming that {F, m) is monoidal we wish to show that G is also a monoidal 
functor. 

Since we also assumed that the category {A, p®, A®, a®, p®, A®, a®, 6, a®, a®, A°, p°, J, 
is symmetric distributive then there exists isomorphisms of type: 

]J F{Va)^F{Wb) 

aeA beB aeA,beB 
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generated by these isomorphisms. 

We consider the unique arrow ^ given by the universal property of the coproduct: 



3a,h 



u 



aeA,beB 



€=[™Va,Wf,oia,b]aeA,beS 



Using these maps we define the mediating arrow : GiV) ® G{W) — )■ GiV ® W) as 
the composition 'dv,w = ^ ° 0- We also have that -(9/ : / — )■ G{I) is given by mi. 

To show that d satisfies the axioms of a symmetric monoidal functor we shall 
only provide the proof of one of the diagrams. This is justified by obvious coproduct 
properties: the exterior diagram commutes for every a E A and this implies that the 
interior diagram commutes by pre-composing with injections i and using the universal 
property of copro ducts: 



9nii 



F{V,;)iSiFI 



{io{l®mi)]aeA 



Y[aeA(nVa)®FI) 



MaeAFiVa®!) 



FiVa) 



Hp) 



Then by coherence [53], distributivity of the tensor through coproduct: 



{AY[B)0F 



{A®I)UiB(g)I) 
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naturality and by definition of we may infer that: 

(UW))®/ 




UaeAiFiVa)^FI) 



UaeAPF{Va) 



commutes, wliich turns to be: 




"UaeAFiPvJ 

UaeAFiVa®!) 



-^G{V) 

"g(p) 

■G{y®i) 



G{V)®I 

G{y)®G{i)—^ 

Similarly one could prove the rest of the axioms. 

Notice that if the mediating arrows my^T^^ are isomorphisms in diagram ([1]) above 
then ^ is an isomorphism. Therefore this implies that "dy^w is an isomorphism for every 
V and W i.e., G is a strong functor. □ 



2.5 The functor ^ : FinSet C+. 

Now we turn to prove that when C is affine, there exists a functor $ : FinSet — t- 
which is fully faithful and preserves tensor and coproduct. 

Definition 2.5.1. A monoidal category C is called affine if the tensor unit / is a 
terminal object. 

Lemma 2.5.2. Let C be an affine category. Then there exists a fully-faithful strong 
monoidal functor $ : (FinSet, x,l) — )• that preserves coproducts. 

Proof. We shall begin by considering the functor $ which assigns to each finite set 
A a family = {Ca}aeA, such that for every a E A, Ca = I is the unit of the 
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category C. 

Now let A B he a function in FinSet, then 

^ $(5) with $(0) = (0, Ma) and Ma = {Ua^A, I /■ 

The kind of functor obtained in this way has been motivated in order to satisfy the 
following properties which are essential for the model. 

$ is faithful: The way we define morphisms in C+ allows us to infer that if $(0) = 
$(■0) then (j) = tjj. 

$ is full: Suppose we have a pair (0, /) e C+(<I>(A), then / = {fa}a&A with 

fa 

I — ^ /; since / is a terminal object this implies that /« = la = ' for every a & A. 
Therefore $(0) = (0, /)• 
$ preserves coproducts: 

Take objects A and B; then by definition we have that 

^A ®B) = {Cc}ceA©B = {CajaeA e {aifteB = ^(^) e 
Suppose we have two arrows A C, S — ^ D then: 

$(0©^) = {(t)®1pJdA®B) = {(t)®ipJdA®MB) {(I),Ma)®{^,Mb) = $(0)®$(V') 

$ preserves tensor product: 
Assuming A and i? are finite sets then 

^AXB) = {C^a,b)}{a,b)eAxB = {Ca(8)C6}(„,6)eAxS = {C„}„eA®{C6}6gB = $(A)(8)$(S) 

at the level of objects. If A C, B I? then we have that naturality is satisfied: 

$(0 X ^) = (0 X V^, Maxb) = (0 X V', Ma®Mb) = (0, Ma) ® /o?s) = $(0) ® $(^) 

since Ma®Mb = {(1 <8) l)(a,6)}(a,6)eAxB = {la ® lb}{a,h)eAxB = {l(a,fe)}(a,6)eAxB = 

Also, $(1) = $({*}) = {C4,6i = /c+. 

This implies that $ is a monoidal functor with identity id : ^{B) 

$(A X 5), id : / ^(1) as mediating natural transformations. It is a routine 
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exercise to show that the remaining equations of a monoidal functor, involving the 
structural maps a, p and A, are satisfied. 
For example, the diagram 

$(5) ® / — ^ ^$(5) 



101 



cl.(p) 



$(5) (g)$(l)^^<l'(5 X 1) 

is satisfied. To see this, we calculate ^(p) = (p, {l{a,*)}{a,*)eAxi)- On the other hand 
by definition we have that p = (p, r) with p : Ax {*} — )■ A, p{a,*) = a and with 
r = {r{a,*)}ia,*)€Axi where r(^a,*) = ry^, Va <^ I -A K but since K = / this implies 
I /. Hence, these two arrows are equal. □ 



2.6 Affine monoidal categories 

Recall from Definition 12.5.11 that a monoidal category is affine when the tensor unit 
/ is a terminal object. The following construction is well-known. 

Definition 2.6.1 (Free affine symmetric monoidal category). Let /C be a category. 
The free affine symmetric monoidal category Twm{lC) is the category defined as 
follows: 

(a) objects are finite sequences of objects of /C: 

{Vi\^eln]={Vl,...,Vn} 

(b) maps (0, {fi}ie[m]) ■ {V'ijieW — ^ {W^ijieM determined by: 

- an injective function : [m] — )■ [n] 

- a family of morphism /j : V0(j) — )■ Wi in the category /C 

(c) composition (0, {fi}ie[m]) o (V^, {9i}ie[s]) = (V" o 0, {/, o 5(<^(i)}ie[,]) 

(d) the unit is given by the empty sequence. 
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(e) the tensor <S) is given by concatenation of sequences of objects and arrows: 

where — Vi \i 1 < i < n and — Wi^n iin + l<i<n + 'm 

given by (0, /) <S> g) — {(j) + f + g) where (p + ip : [s + — )■ [n + m] is 
defined by {(f) + — (t){i) if 1 < i < s and (0 + ■0)(i) = ^^{i — s) -\- n if 

s + l<i<s + tand/ + fi' = {(/ + g)j}j(.[s+t] where (/ + g)j : P{<j>+^){j) ^ Qj 
is defined by (/ + g)j = fj ii I < j < s and (/ + g)j = gjs iis + l<j<s + t 

(f) the canonical isomorphisms are strict given byi = r= l,a = l and symmetries 
by s = (cr, 1) with cr : [n + m] — >■ [n + m] such that a{i) — i + niil<i<'m 
and a{i) — i — ■mii'm + l<i<n + 'm. 

Remark 2.6.2. The tensor unit of J^wm{K,) is a terminal object: 

for every {Vi}ig[„] object in /C. In addition, notice that J-'wm(/C)({}, {^}ig[n]) = if 

{Vihm ^ {}■ 

Proposition 2.6.3. Given any symmetric monoidal category A whose tensor unit 
is terminal and any functor F : K. ^ A, there is a unique strong monoidal functor 
G : J^wm{lC) — )■ A, up to isomorphism, such that G o I = F . 

IC^^A 

G 

Twm{)C) 

Proof, (sketch) The functor G is defined on objects by: G{{}) — I and G{{Vi}i^[n]) 
(. . . {F{V,) ® F{V2) F{V,)) ... 

Let {(f), {fi}ie[m]) ■ {Vi}ie[n] {M^i}ie[m] be a map in J^wm{IC) then 

G{(f),{fi}i^lm]) : G{{ViUin]) ^ G{{W,}i^lm]) 
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is given by 



{xi<»X2)-m„ {F{fl)lg>F{f2))...(»F{fm) 

(Xi ® X2) ® . . . ® Xn S (^(^^(1)) ® ^(^^(2))) • • • F{V^^m)) 

where Xi = If{v,) ■ F{Vi) -> F{Vi) if i G 0([m]) and Xi = \ : F{Vi) / if i G 

M -0(H)- 

Using coherence of the category A we prove that G is a strong functor: the 
mediating isomorphism is given by the unique morphism that shifts all the parenthesis 
to the left: 



Gi{Vi},^l^)^Gi{W,} 



and 



m"=l 



Gi{Vi}^eln] ® {Wi}i^^ 



I'-^'GiU). 

To prove uniqueness we use the fact that Xj = ! : F{Vi) — ?■ / transforms into 
Xi = \ : G o liVi) —7- G{} if z G [n] — and also that the coherence structure is 

preserved, up to isomorphism, for any functor satisfying these conditions. □ 

Corollary 2.6.4. Fwm{lC) is the free ajfine symmetric monoidal category generated 
by K. 

Example 2.6.5. To illustrate the definition of the functor G in the proof of Proposi- 
tion [5X31 let us consider (0, {/ij.ep]) : {Vi,V2,V^} ^ {Wi,W2} with : [2] ^ [3], 
0(1) = 3,0(2) = 1 then 

G(0, {f^}^m) ■■ G{{Vi. V2. ^3}) ^ G{{W^, W2^) 

is given by 

(F(l^i) ® F{y2)) ® Fiy^) = G{{Vu V2, f)^^'^.^^.^.^^^^^^^^^^ ^ F{W,) ® F{W2) = G{{Wi, W2}) 



{F{W2) ® /) ® F(Wi] 



■F{W2)®F{Wi). 
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2.7 Traced monoidal categories 

We recall the definition of a trace from |41] . 

Definition 2.7.1. A trace for a symmetric monoidal category (C, ®, /, p, A, s) consists 
of a family of functions 

Tt% ■.C{A®U,B®U) ^ C{A, B) 

natural in A, B, and dinatural in U, satisfying the following axioms: 
Vanishing I: 

Tr^,y(/) = /, 

Vanishing II: 

^^x^id) = Tr^ y(Tr^^^y^[;(5f)), 

Superposing: 

Yanking: 

For every U, we have Ti^ u{au^u) = If/- 

Explicitly, naturality and dinaturality mean the following 
Naturality in A and B: 

For any g : X' ^ X and h : Y ^ Y' we have that 

Tr^,,y,((/i ® If/) o / o ® Ij;) = o Try if) o ^. 



Dinaturality in U: 

For any f : X ®U ^Y ®U' , g -.U' ^ U we have that 

Tr^,y((ly ® o /) = Tr5^;^(/ o ® ^)). 
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Definition 2.7.2. Suppose we have two traced monoidal categories (V, Tr) and 
(W, Tr). We say that a strong monoidal functor {F,m) : V — t- W is traced monoidal 
when it preserves the trace operator in the following way: for f : A®U B ®U 

° F{f) o mA,u) = F{Tv%{f)) : FA ^ FB. 



2.8 Graphical language 



Graphical calculi are an important tool for reasoning about monoidal categories, 
dating back at least to the work of Penrose [59j. There are various graphical lan- 
guages which are provably complete for reasoning about diagrams in different kinds 
of monoidal categories. They allow efficient geometrical and topological insights to 
be used in a kind of calculus of "wirings", which simplifies diagrammatic reasoning. 
See [66] for a detailed survey of such graphical languages. 

In particular, there is a graphical language for traced monoidal categories, which 
was already used in the original paper of Joyal, Street, and Verity [H]. The axioms 
of traced monoidal categories are represented in the following way. 



Naturality: 



C 



E- 



Dinaturality: 



C 



Vanishing I: 



Vanishing II: 
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Superposing (equivalent formulation): 




Yanking: 




I f 

Strength (equivalent formulation of superposing): tiJj = ~0~ 



The following theorem shows the validity of such diagrammatic reasoning in com- 
pact closed categories: 

Theorem 2.8.1 (Coherence, see |SS])- A well-formed equation between morphisms 
in the language of symmetric traced categories follows from the axioms of symmetric 
traced categories if and only if it holds, up to isomorphism of diagrams, in the graphical 
language. 

Here by isomorphism of diagrams we mean a bijective correspondence between 
wires and boxes in which the structure of the graph is preserved. 



2.9 Compact closed categories 

Definition 2.9.1. A compact closed category is a symmetric monoidal category V 
for which every object A has assigned another object A*, called the dual, and a pair 
of arrows rj : I ^ A* ® A (unit), e : A ^ A* I (counit) such that the following 
diagrams commute: 

A ^ A^I ^ A^{A*(S) A) 

1 a 

A ^ — I® A -— {A (S)A*)(S)A 
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and also, 



A* 
1 



I ® A* 



r?(g)l 



A*^I 



{A* ®A)iS)A* 



A* ^{A® A* 



In a compact closed category we can define a functor (— )* : — > V where if 
f : A ^ B then f* : B* ^ A* is given by: 



B* 



I ® B* ^ A* ® A® B 



A* ® B (g) B* ^ A* (g) I ^ A*. 



Proposition 2.9.2. Let (V, ®,?7,£:) be a compact closed category. There exists a 
trace, which we call the canonical trace, defined by: 



TT%if) = {l®scr)if®l){l®7^). 

Moreover every symmetric strong monoidal functor between compact categories is 
traced monoidal with respect to the canonical trace. 



Proof. See 



□ 



Proposition 2.9.3. Let C be a compact closed category. Then C has a unique trace, 
i.e., the canonical trace 



TT%if) = il®Ea)if®l)il®r]). 



Proof. Appendix B of [38] . 



□ 



Chapter 3 

Categories of completely positive 
maps 

3.1 Completely positive maps 

Definition 3.1.1. Let H he a finite dimensional Hilbert space, i.e., a finite dimen- 
sional complex inner product space. Let us write C{H) for the space of linear functions 
p : H ^ H. Equivalently, we can write C{H) = H* (g) H. 

Recall that the adjoint of a linear function F : H ^ K is defined to be the unique 
function : K ^ H such that {F^v, w) = {v, Fw), for all v e K and w e H. 

Definition 3.1.2. Let H,K be finite dimensional Hilbert spaces. A linear function 
F : C{H) — > C{K) is said to be completely positive if it can be written in the form 

m 

Fip) = J2F^pFl 

i=l 

where Fj : if — > X is a linear function for i = 1, . . . , m. 

Definition 3.1.3. The category CPM^ of simple completely positive maps has finite 
dimensional Hilbert spaces as objects, and the morphisms F : H ^ K are completely 
positive maps F : C{H) ^{K). 
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Definition 3.1.4. The category CPM of completely positive maps is defined as 
CPM = CPM®, tlie biproduct completion of CPM^. Specifically, the objects 
of CPM are finite sequences {Hi, . . . ,Hn) of finite-dimensional Hilbert spaces, and 
a morphism F : (ifi, . . . , if„) — t- {Ki,...,Km) is a matrix (Fij), where each 
Fij : Hj Ki is a completely positive map. Composition is defined by matrix 
multiplication. 

Remark 3.1.5. In quantum mechanics, completely positive maps correspond to gen- 
eral transformations between quantum systems. Two special cases are of note: first, 
F{p) = UpW, where U is a unitary transformation. This represents the unitary 
evolution of an isolated quantum system. Second, 

Fip) = iPipPl...,P^pPl^), 

where Pi, ... , Pm is a system of commuting self-adjoint projections. This corresponds 
to measurement with possible outcomes 1, . . . ,m. For more details on the physical 
interpretation, see e.g. [SB] or [53] . 

Remark 3.1.6. Note that the category CPM is the same (up to equivalence) as the 
category W of [53] and the category CPM(FdHilb)® of [53]. 

Note that for any two finite dimensional Hilbert spaces V and W, there is a 
canonical isomorphism 0y,vK '■ '^(Y ® W) — )■ CiV) ® ^CiW). 

Remark 3.1.7. The categories CPM^ and CPM are symmetric monoidal. For 
CPMg, the tensor product is given on objects by the tensor product defined on 
Hilbert spaces y(8>Vr = V ® W, and on morphisms by the following map f(S)g'. 



£{V ® W) — C{X ® Y) 

4>v,w 

C{V) ® C{W) C{X) ® C{Y). 

The left and right unit, associativity, and symmetry maps are inherited from 
the symmetric monoidal structure of Hilbert spaces. For the symmetric monoidal 
structure on CPM, define 



j)i&I,j€J- 
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This extends to morphisms in an obvious way. For details, see |63] . 

3.2 Superoperators 

Definition 3.2.1. We say that a hnear map F : C{V) — )■ C{W) is a trace preserving 
hnear function when it satisfies 

tTw{F{p))=tTv{p) (2) 

for all positive p G C{V). F is called trace non-increasing when it satisfies 

tTw{F{p)) < trv(p) (3) 

for all positive p G ^{V). 

Definition 3.2.2. A linear function F : C{V) — i- C{W) is called a trace preserving 
superoperator if it is completely positive and trace preserving, and it is called a trace 
non-increasing superoperator if it is completely positive and trace non-increasing. 

Definition 3.2.3. A completely positive map F : (i^i, . . . , — )■ {Ki, . . . , Km) in 
the category CPM is called a trace preserving superoperator ii for all j and all positive 
p G C{H,), 

5^tr(F,,(p))=tr(p), 

i 

and a trace non-increasing superoperator if for all j and all positive p G C{Hj), 

5^tr(F,,(p)) <tr(p). 

Definition 3.2.4. We define four symmetric monoidal categories of superoperators. 
All of them are symmetric monoidal subcategories of CPM. 

- Q and Q' have the same objects as CPM, and and Q'^ have the same objects 
as CPM,. 

- The morphisms of Q and are trace non- increasing superoperators, and the 
morphisms of Q' and Q'^ are trace preserving superoperators. 
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The six categories defined in this chapter are summarized in the following table: 





simple 


non-simple 


no trace condition 


CPM, 


CPM 


trace non-increasing 




Q 


trace preserving 




Q' 



Remcirk 3.2.5. The categories Q, Q^, Q', and Q'^ are all symmetric monoidal. The 
symmetric monoidal structure is as in CPM and CPM^, and it is easy to check that 
all the structural maps are trace preserving. 

Lemma 3.2.6. Q and Q! have finite coproducts. 



Proof. The injection and copairing maps are as in CPM; we only need to show that 
they are trace preserving. But this is trivially true. □ 



Chapter 4 



Partially traced categories 



Traced monoidal categories were introduced by Joyal, Street and Verity [H] as an 
attempt to organize properties from different fields of mathematics, such as algebraic 
topology and computer science. This abstraction has been useful in formulating new 
insights in concrete topics of theoretical computer science such as feedback, fixed-point 
operators, the execution formula in Girard's Geometry of Interaction (Gol) [27], etc. 
In this spirit, an axiomatization for partially traced symmetric monoidal categories 
was introduced by Haghverdi and Scott [3l] providing an appropriate framework for 
a typed version of the Geometry of Interaction. 

An important part of the treatment of the dynamics of proofs in the Geometry 
of Interaction relies on the expressiveness of its model: proofs are interpreted as 
linear operators in Hilbert spaces and an invariant for the cut-elimination process is 
modelled by a convergent sum in some linear space. Haghverdi and Scott [31] have 
demonstrated that the categorical notion of partially traced category is a useful tool 
for capturing the dynamic behavior of all of these conceptual ideas as described by 
Girard. The word "partial" here refers to the fact that the trace operator is defined 
on a subset of the set of morphisms Hom{A ^ U, B ^ U) called the trace class. 
A large portion of Haghverdi and Scott's work is concerned with constructing the 
appropriate abstract notion of a typed Gol aided by the idea of orthogonality in the 
sense of Hyland and Schalk. Partial traces play a central role in Haghverdi and Scott's 
work. For example, their analysis of the idea of an abstract algorithm concerns the 
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interplay with the execution formula defined in terms of a partially traced category. 
The categorical formula agrees with the original formula of Girard in some concrete 
Hilbert spaces and the execution formula in this new setting is an invariant of the 
cut-elimination process. 

In this chapter, we give some examples of partially traced categories, including 
an example in the context of quantum computation. We also provide a method for 
constructing more examples by proving that each monoidal subcategory of a (totally 
or partially) traced category is partially traced. 

4.1 Partially traced categories 

We recall the definition of a monoidal partially traced category from |3l] . 

Definition 4.1.1. Let / and g be partially defined operations. We write f{x) J, if 
/(x) is defined, and f{x) t if it is undefined. Following Freyd and Scedrov [25j, we 
also write f{x) g{x) if f{x) and g{x) are either both undefined, or else they are 
both defined and equal. The relation is known as Kleene equality. We also write 
/(x) J= g{x) if either /(x) is undefined, or else f{x) and g{x) are both defined and 
equal. The relation "J=" is known as directed Kleene equality. 

Definition 4.1.2. Suppose (C, ®, /, p. A, s) is a symmetric monoidal category. A 
partial trace is given by a family of partial functions Tr^^y : C{X ®U,Y ®U) 
C(X, y), satisfying the following axioms: 
Naturality: 

For any f : X ®U ^ Y ®U , g : X' ^ X and h -.Y ^Y' we have that 
hTTSc,YU)9 )= T4^y'((/^ ® lu)f{9 ® If/)). 

Dinaturality: 

For any f : X ®U ^Y ®U\ g : U ^ U' have 
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Vanishing I: 

For every f : X ® I ^ Y ^ I we have 

TT'^,yif))=[pYfPx'- 

Vanishing II: 

For every g: XiS)UiS)V^YiS)U'S)V,ii 

TrX(gi(7,Y®i7(fi') 

then 

"^^^^(9) Tr^ y (Tr^^f/y^f/((7)). 

Superposing: 

For any / : X O t/ ^ F (g) f/ and g -.W ^ Z, 

g ® Tr5^,y(/) )= TT^^x,z®Yi9 ® /)• 

Yanking: 

For any U, 

^^u,u(^u,u) X lu. 

Definition 4.1.3. A partially traced category is a symmetric monoidal category with 
a partial trace. 

Remark 4.1.4. Comparing this to the definition of a traced monoidal category in 
Section \2.7\ we see that a traced monoidal category is exactly the same as a partially 
traced category where the trace operation happens to be total. We sometimes refer 
to traced monoidal categories as totally traced monoidal categories, when we want to 
emphasize that they are not partial. 

Definition 4.1.5. The subset of C{X0U, Y0U) where Tr^y is defined is sometimes 
called the trace class, and is written 

T^,y = {f -.X^U ^Y^U\ Try if) i}. 
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Lemma 4.1.6. Let (C, ®,/, Tr, s) be a partially traced category. The superposition 
axioms is equivalent to the following axiom (called strength^; 
For f: A(g)U^B(g)U and g : C D, 

Tr^sl/) ®9)= Tr^®c,B®D((li? ® su,d) o (f g) o (U ® sc,u)). 

Proof. (^) First, from the original version we shall prove this second version. 
By hypothesis and by naturality of the symmetries we have: 

g0 f e T'^^^^D^B and 
sdb ° Tr^® A,D®i?(^ ® /) o Sac = sdb ° {g ® TT^ ^if)) ° ^ac = Tr^^sl/) ® 9- 
Thus by the naturality axiom we have that since g ® f & I'c'^a d®b'- 
{sdb ® lu) °i9® f)o {sac ® li/) e T^cacB^D and 

TrAS5C,B®D(sDB ® lu) O ® /) O {sac ® ^u) = SdB O Tr^®A,D®B(^ ® /) O SAC- 

Finally by coherence we obtain: 

{sdb ® lu) o (fi- ® /) o (sac ® li/) = (Ib ® sud) °{f ®9)° (1a ® scc/) 
(<^=) Conversely by hypothesis and composing with symmetries we get: 

(1b ® Sud) o{f ®9)° (U ® scu) e ^%c,b®d and 
Sbd o Tr^®c,B®D((lB ® st/,z)) o{f0g)o {1a Sc,u)) ° Sca = Sbd o (Tr^,B(/) 'S)g)o sbd- 

Which implies by the naturality axiom that: 

a = {sbd ® lu) o (Is ® su,d) °{f®9)° (U ® sc,i/) o (^ca ® lu) e Tg^^^^^^^^ and 

Trc®A,D®i?(a) = 9^ Tr^,B(/)- 
But by coherence a = g ® f . □ 

4.2 Examples of partially traced categories 
4.2.1 Finite dimensional vector spaces 

Among the examples that motivated this notion of partially traced category in Def- 
inition |1]T3] a particularly important one [M], [36] is the category (Vect/„,©,0) of 
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finite dimensional vector spaces and linear transformations, with biproduct © as the 
tensor product. 

We recall that in an additive category a morphism f : X ®U Y ®V charac- 
terized by compositions with injections and projections: fij = TTiofoirij, 1 < i, j < 2. 

/ll /l2 



We denote / by a matrix of morphisms of type where composition cor- 

/2I /22 

responds to multiplication of matrices. 

Definition 4.2.1. The trace class in (Vectj„, ©, 0) is defined as follows: we say that 
f: X®U^Y®Ue iff / - /22 is invertible, where I = id on U. 
When this is the case we define Tr^y(/) = /n + /i2(/ — /22)~^/2i- 

Proposition 4.2.2. With the operation defined in Definition \4.2.1\ the category of 
finite dimensional vector spaces is partially traced. 

Proof. [31], [36]. □ 
4.2.2 Stochastic relations 

In order to capture classical probabilistic computation (as a stepping stone towards 
quantum computation), we now describe a trace class in the category Srel of stochas- 
tic relations. In fact, this partial trace arises from the canonical total trace on 
(Vectj„,©) by a general construction that we will examine in detail in Section 
Note that it differs from the trace on Srel given by Abramsky [2] , [SI] • Abramsky's 
trace is with respect to the coproduct structure © and is total; here we discuss a 
partial trace with respect to the tensor structure ©. 

The category of stochastic relations attempts to model the probability of a bit 
being in states or 1, or more generally, of a variable taking a specific value in a 
finite set of possible values. Morphisms in this category correspond to the behaviours 
of finitary probabilistic systems. The general category of stochastic relations, Srel, 
is described in [2] and [1]. It arises as the Kleisli category of the Giry Monad [30j. 
We look at the special case where the objects are finite sets. 

Definition 4.2.3. The category Srelj„ of finite stochastic relations consists of the 
following data: 
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- objects are finite sets: A, B. . . 

- morphisms: A ^ B are finite matrices / : S x A — )■ [0, 1] such that Va e A 

The composite of two morphisms is defined by matrix multiphcation: 
If A — ^ B and B C then g o f : C x A ^ [0,1] is: 

{9°f){c, a) = ^g{c, b).f{b, a). 

It is immediate that composition as defined above is associative, with identities 1a '■ 
Ax A ^[0,1], defined y) = < ^ ^ - V 

Remcirk 4.2.4. Note that we allow Y2beB f(^i ^) — rather than requiring equality. 
This is also called a "partial" stochastic relation. A probability that is less than 1 
corresponds to a computational process that may not terminate. 

One obtains a symmetric monoidal category (Srelj„, /) where the tensor prod- 
uct on objects is given by the set product A ^ B = A x B. For arrows f : A ^ B 
and g : C D, i.e., f : B x A ^ [0,1] and g : D x C ^ [0,1] then we have 
f ® g : A® C ^ B ® D \s given by a map of type J ® g : B x D x A x C ^ [0,1], 
where 

(/ <^ g){b, d, a, c) = f{b, a) ■ g{d, c) . 

Let A, B be finite sets. There is a canonical way to encode a function f : A ^ B 
as a stochastic map: we write f : B x A [0,1] where f{h, a) = 1 if /(a) = h and 
f{h, a) =0 otherwise. We define the symmetric monoidal coherence isomorphisms by 
applying this codification to the coherence structure of the cartesian category FinSet 
of finite sets. 

Definition 4.2.5. Let f : X ®U Y ®U he di, stochastic map. We define the 
following trace class T^ y C Srel/„(X ®U,Y ®U) for all X and Y: 

f e T^,y iff E,ey T.ueu fiy^ ^> u)<l,yxex 
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and a partial trace: 

Try : ^ Srelj^{X,Y) with Tr^,y(/)(y, x) = E„et/ ^, «)• 

Proposition 4.2.6. The formula given in Definition \4-2.5\ defines a partial trace on 
Srel/„. 

Proof. We check the axioms of partial trace. 
Naturality: 

Let / G T^^ Y s-iid g : X' X and h : Y ^ Y' he stochastic maps, first we want to 
prove that 

(h ® lu)f{g ® lu) e T^,^Y' with {h lu)f{g ^lu) ■ X' ®U ^Y' ^U. 
Since we have a map of type {h ® Ic/)/ : X (g) f/ — F' (g) f/ we evaluate: 

(/i ® lu)f{y', u, X, v) = Ej;gy,«'ec/(^ ® V, u')f{y, u', x, v) = 

^y€Y,u'eu Hy', y)^^, u')f{y, u\ X, v) = Y^y^Y Hy' , y)f{y, u, x, v). 

Now we compose again: 

{h (g) lu)fig ® lu)iy', u, x\ v) = T.xex,u'eu(^ ® ^u)fiy', u, x, u'){g (g) lu)ix, u', x', v) = 
J2xex,u'euiJ2yeY ^(^'' ^' ^' u')).g{x, x').lu{u', v) = 

Y.x&x,y& Ky'^ y)f{y, u, x, v)g{x, x'). 

Thus {h ® ® It;) G T5^,_y, iff Ey'^Y',ueuih ® ® lc7)(i/', m, x', m) < 

l,Vx' G X'. 

We know by hypothesis that / G T^ y which implies that Ej/eyuei/ — 
1 ,Vx G X. On the other hand we also know that Exgx5'(^'^') — ^ ^ and 
Ey'ey ^hj' 1 2/) < 1 G F since : X' — X and h -.Y ^Y' are stochastic maps. 
Thus, 

Y.xexiY.y&,u& fhJiU,x,u))g{x,x') < T.xex^-9{x,x') < 1 Vx' G X'. 
Therefore, 

Ea.ex,2;Gy,«eC//(^'«'^'«))f(^'^') < 1 Vx' G X'. 
Now using this and the fact that Eyey ^iv'^y) — 1- 
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^xex,yeY,ueui^y'eY' Kv' ^ y))-f{y, u, ii))g{x, x') < 
T,xex,yeY,ueu^-fiy^f^^^^'^))9{x,x') < 1 Vx' G X'. 

This implies the following: 

Ea;6X,j/6y,«e[/,j/'ey'^(^''^))/(^'^'^'^))5(^'^') < 1 Vx' G X'. 

Therefore, 

J2y'eY',u&i^xex,yeY ^(^'' y))fiy^ 2;, u))g{x, x') = 
which implies that the following assertion holds: 

Next, we preliminary compute the partial trace. For that purpose, we first need some 
previous calculations: 

Tr^^,^y,{{h^lu)fig^lu)){y',x') = EueuiT,xex,yeYh{y',y)f{y,u,^,u))9{^,^'))- 

If we apply the definition of partial trace to / and compose with h then this comes 
down to 

^oTr^,y(/)(l/',^) = Ej/Gy^(^''?/)-(E„6[//(?/>«>^>«)) = 

^yeY,ueu Ky'^ y)fiy, 

Similarly, we compose with g 

{{hTTly{f))g){y\x') = Ex^AhT4,y{my',x).gix,x') = 
J2xex{T.yeY,ueu h{y', y)f{y, u, X, u)).g{x, x') = 
^xex,yeY,ueu Ky\ y)fiy, u, X, u)g{x, x') 

which proves that both previous calculations are equal. 
Yanking: 

Let a: A<^B^Bi^Ahe defined as the matrix a : B x A x A x B ^ [0, 1] with 

(7(6, a, a', 6') = 1 iff 6 = b' and a = a' otherwise is 0. 
It may be seen immediately that if a : U <S) U U ®U 

'Tt^u[a){u, v) — Ea;eC7'^('^' '^^x) — 1 if and only \l u — x — v otherwise is 0. 
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Then, since lu{u, v) = 1 ii and only if u — v, otherwise it is we obtain that 
Tr^,j{a){u,v) — lu{u,v) for every u and v. 

Dinaturality: 

Consider the stochastic maps f : X ®U -^Y®U' and g : U' ^ U . First we want to 
prove that 

(ly ® 9)f e T^,y if and only if f{lx ^ g) e T^y 
By definition of trace class we know that 

(ly g)f e T^ y if and only if T,yeY,ueui^Y g)f{y, u, x, -u) < 1 Vx e X. 
Also, by definition of composition in the category Srel/„: 

i^Y ® 9)f{y,u,x,v) = Y,y,^yy^^,{lY ® g){y,u,y',u')f{y',u',x.v) = 
T^y^evyeu' ^yiy^ y')9{u, u')f{y', u', x, v) = Y^u'ev 9{u, u')f{y, u', x, v). 
Thus, we have seen that 

(ly ® 9)f e Tx,y if and only if Ej;ey,«ec/(E„'ei7' 9{u, u')f{y, u', x, u)) < 1 Vx G X 
Following a similar argument we have that 

f{lx ^g)e T^^Y if and only if EyeY,u'eU' fi^x O g){y, u', x, u') < 1 Vx e X. 
But, again by definition of composition 

/(Ix ® g){y, u', X, v') = ^^,^x,ueu fiy^ ® 9){x', u, x, v') = 
^x'ex,ueu fiv^ ^'^ u)lx{x', x)g{u, v') = ^^^^ f{y, u', x, u)g{u, v'). 

This means that 

f{lx ®g) e T^'y if and only if E^/eyxec/'d^^ec/ fiv, u)g{u, u')) <l^xeX. 

This implies that the condition on the trace class is satisfied. Next, it remains to 
calculate the corresponding partial traces. 

Tr^^^y ((ly ® g)f){y, x) = Eueui^v ® 9)f{y, x, u) = 
J2uGu(T,u'eU'9{u,u')f{y,u',x,u)) = J2ueu,u'eU' 9{u,u')f{y,u',x,u) = 

E„'GC/',«ei7 fiy^ ^' '^))9iu, u') = J2u'eu' fi^x ® 9){y, u', x, u') = 
TT^x,Yif(^x^9)){y,x). 
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Vanishing I: 

Let / :X(g)/^F(8)/bea stochastic map. Therefore, this implies by definition 

^yeY,u&{*} fiy^ *) = J2yeY fiy^ *' *) < 1 for every x e X. 
Thus, this is equivalent to 

J2yeY,ue{*} fiy^ x,u) <1 for every x eX 
which is the condition / e T^ y. 

Now, we compute the partial traces. Let us consider the following composition 

X^A'X^I^Y^I^Y. 

We have 



x'ex,uei 

= f(y,*,x,*) 

Now, we compose with py to get: 

pY{fPx^){y,x) - pY{y,y',u){fpx^){y',u,,x) 

y'eY,uei 

= fp^{y,*,x) = f{y,*,x,*) 

PYifPx^)iy,x) ^J2y'eY,u€iPY(y^y'^'^)(fp'x)iy'^'^^^^) ^ fPx\y,*,x) = 

which clearly means that 

^) = *) = PYfPx\y, for every xeX andyeY. 

Thus, we proved that Tr^ y(/) = PyJp^- 
Vanishing II: 

Suppose we have a stochastic map g : X®U®V Y®U®V such that g G "^^^u,y®u 
We need to check that 
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g e T^f/ if and only if Tr^^^^^y^M ^ 
By definition, it follows that 

g e T^f/ if and only if E,ey,(.,.)e 
On the other hand we have 

T^x<8,u,Ymi9){y,u,x,u') = ^^^yg{y,u,v,x,u',v). 

We obtain 

T^xmx^uig) e ^x,Y if and only if 
Ej/ey (E„ec/ T^xm,Ymi9){y, % x, u) = T.yeY,ueu,vev Qiv, u, v, x, u, v) < 1. 

Thus, we have shown that both conditions are equivalent. Now we move to the 
calculation of the partial traces. 

T^xTi9){y^x) = 9{y,u,v,x,u,v) 

{u,v)eUxV 

= YY9{y,u,v,x,u,v) 

= YT^^xmYmi9){y,u,x,u) 
ueu 

= T^x,Y(T^xmY^ui9)){y,x). 

In conclusion we obtain that 

T^'^f{9)-Trly{Trl^^^y^M)- 

Superposing: 

Consider the stochastic maps f : X ®U -^Y®U with / e ^Scy and g : W ^ Z. 
First, we want to prove that 

/ e '^W®X,Z(^Y- 

In order to prove this we have that 

g ® f & "^w®x,z®Y 

if and only if E(^,y)GZxF,«ec/ 9 ® fi^, y, u, w, x, u) < l\/w G W, Vx G X 

if and only if Y.zez,yeY,ueu 9{z, uj)f{y, u, x, u) < IVw G VT, G X 

if and only if E^ez ^(^' ^) Y.y^Y,u& fiy^ m, a;, m) < 1, Vw G W, Wx G X. 
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Here the last equivalence is true since g is stochastic i.e., J2zez di^^'^) — ^ 
Since we have that / G T^^y ^^^^ implies Yliy&u&u f^V^'^^^^'^) < Vx G X. We 
show now that the partial traces are equal. 

^'^w®x,zm^9<^ f){z,y,w,x) = ^^^^{g ® f){z,y,u,w,x,u) = 
^ueu9{z,w).f{y,u,x,u) = g{z,w).^^^^ f{y,u,x,u) = ^(z, w). Tr^ y(/)(?/, x) = 

g®TT^Y{f){z,y,w,x). 

This means that 

□ 

4.2.3 Total trace on completely positive maps with 

In this section, we define a total trace on the category CPM^ of simple completely 
positive maps (see Section |3TT]) . As a matter of fact, this category is compact closed, 
and therefore is has a unique total trace. Here, we describe it explicitly via a Kraus 
operator-sum representation. 

Recall that the category fHilb of finite dimensional Hilbert spaces and linear 
maps is compact closed, and therefore (totally) traced. Let, 'H_a,'Hb and He be finite 
dimensional Hilbert spaces with orthonormal bases {e,}, {/j} and {wj}, respectively, 
and let F : l-ij^ ® Tits Tic ® "Hg be a linear function, i.e., 

F= Fj^i^k,m\u)j, fk) {ei, fm\- 

j,l,k,m 

Then tTB{E) = J2j i k^j<i,k,k\'^j){^i\ defines a total trace on fHilb. 

Proposition 4.2.7. Let F : C{l-iX)®C{l-iB) — ^ C{l-ic)® C,{T^b) be a complete positive 
map with representation F= Yl^=i ^jP^j ■ Then Tr^''"(F)(p) = Y1^=i^^b Fjp tr^F^^ 
defines a (total) trace on the category CPM^. 

Proof. Suppose we take two representations of 

np) = Ell E.pEj = E;^,F,pFl 
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Then 

1^5'''(^(p)=Er=i p tr^ F}^Y.U ^'b{Y., UijFj)p ^^(E, U.^Fj^ = 
Er=i(E, t/^J tr^ F,)p (E, t/- , tr^ F]) = E,,,. t^^jt^- . tr^ F, p tr^ F.t = 
E,,fe(E. J trs P trs Fl = E,,fc(E. tr^ F,p tr^ = 

Ej- fe '^fe J ^jP trs fI = tiB Fjp tr^ F] 

since f/ is unitary. 

Now we check all the axioms. 

Naturality: 

Let us consider f = Y^iUi - U} and g = Vj - where / : C{Ua) ® C{nB) ^ 
C{nc) <8) C{nB) and g : ^ £(7/^). 

Since f{g ® id) = (Ap t^^pt^/) (Ap E,- ^.P^^ ® ^c?) = Ap E^j HVj ® ^)p(V^^ ® 
therefore, we have: 

Tt%cifi9 ® ^d)) = ApE.j trs(^7,(l^, ® J))p trB((\A^ = 
>^PEi,j{tTBU.)V,pV]itrBUl) = \pEiAtrBUMtrBUl)o\pj:^V,pV^^ = Tr^c(/)°i7- 

Dinaturality: 

Suppose we have / = Ej Ui — U} and g = Ej ~ where / : C{%X) ® ^{T^b) 

C{ne) ® C{Hb') and g : C{Hb') ^ 

Then 

® ^)/) = TVac((ApE,(^ ® Vj)p{I ® T^^))o(ApEi C^iPC//)) = 
Tr5c(ApE,,a ® ^.)(^.P^/)(/ ® ^^)) = E,, tMil ® ^.)^.)P tTB{Uj{I ® V^^)) = 
E„- tTB'mi V;))p trB,((/ ® Vj)Ul) = TT%{XpE^, m ® V,)p{I ® Vj)Uj) = 
Tr^c((Ap E. ^^P^/)°(Ap Ejil ^ V,)p{I ® Vj))) = Tr^U/(l ® d))- 
Vanishing I: 

Consider the map /: C{Ha) ® C{T-Lx) J^{'Hb) ®C{Hx) with the following represen- 
tation f = Y.iUi - Uj, so 
T^aMI) = Ap E, tr, U,p tn ul = Ei u^p ul 
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Vanishing II: 

Let us consider g : C{Hx) ® C{Hu) ® ^^-v) ^ ^^y) ® ^^-u) ^ ^{^v) with 
representation g — — E] then: 

7f,y&c/,y«t/(^)) = Tly{\pY..irv E,p try 4) = 
ApEitrt/(try(^,))P trc;(try(£;|)) = \pY.^ixu^v{E,))p iru<^v{El) = T^fid)- 

Yanking: 

Before we study the proof of this axiom we consider a representation of the symmetric 
isomorphism: 

Let {e"}, {e™"} be an orthonormal basis for Tij^f and Hm respectively. Then {E^j} and 
{EJI^i} are orthonormal basis for C{'Hx) and C{'Hj\f) respectively with E'"^- = e^e^\ 
E^j = e^e"^ and {A, B) = tT{A''B) as a inner product. 
Thus we have: 

aiE-j ® = a(|er)(e,"| ® |en(erl) = ^(leDle^ ® (e,"|(erl) = 

|e^, ef) ® (er, e,"| = |e^)(er| ® \e2){e]\ = ® 

for every vector basis where the action U is defined by f/|e" §>> e™) = |e™ C?) e") 
on the basis of the tensor space. This implies that (t{A) = UAU'^ for every A e 

Now, let (TAf^AT : CiTij^f) §>> CiTi^) — )■ Cil-Lj^) ® CiTij^j-) be the symmetric natural 
isomorphism with the representation cr^^jy = U — U\ ajsi^N '■ 'H^f Ti^f — ?> "Hat ® "H^r 
where f/ = ® \el){er\ and f/t = ^^^^ |e^)(e^| ^ |e«)(e^|. Thus we have 

that trA. U = K){ek\ ® tr(|e^)(er|) = Em \^f)i^k\ ® (e^kD = Ek=i |er)(e^l = 
E; |e")(e"| = Idpf. In an analogous way we trace obtaining the identity. Hence 
Trj^,iv(c^iv,Ar)(p) = tr^v C/p tr^v = IdnpIdN = P- □ 

Remcirk 4.2.8. The category CPM^ is compact closed, due to the existence of a 
monoidal functor F : fHilb CPM^ which is onto objects. (This functor takes each 
object to itself, and each linear map / to F{p) = fpp). This already implies that 
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this category is traced, and moreover that the trace is unique by Proposition 12. 9. 31 
It is easy to check that the trace is indeed computed as above. 

4.2.4 Partial trace in the category Vect 

In Definition 14.2.11 we considered a partial trace on the category of finite dimensional 
vector spaces with © as a tensor product. Now, we relax conditions on the definition of 
the trace class and we define another partial trace on vector spaces for not necessarily 
finite dimensions. 

Definition 4.2.9. Let (Vect, ©, 0) be the symmetric monoidal category of vector 
spaces and linear transformations with the monoidal tensor taken to be the direct 
sum. We define a trace class in the following way. Given a map f : V Q)U W Q)U 
we say / G T(^^^ iff 

• imf 21 im{I — /22) and 

• ker{I - f22) C kerfi2, 

where I is the identity map. Whenever these conditions are satisfied we define 

Try,H^(/)(^) = fu{v) + fuiu) for some uEU such that (/ - f22){u) = f2i{v). 
To show that this is well-defined, suppose u' is another candidate satisfying 

(/-/22)K) = /2l(^). 

Then {I — f22){u — u') = which implies by the second condition of Definition 14. 2. 9] 
that fuiu) = fuiu'). This shows that the value of the trace does not depend on the 
choice of the pre-image, but on its existence. 

Remark 4.2.10. Notice that the partial trace of Definition 14.2.91 generalizes that of 
Definition l4.2.1[ Indeed, if 1-/22 is invertible, then im(J— 722) = U and keril—f22) = 
0, which implies that Definition 14 . 2 . 91 is trivially satisfied and in this case, Try^(/) = 
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/ii + fuil - /22)-V2i (where u = (I - f22)-^f2i{v)). Moreover, Definition 1123] is 
strictly more general than Definition I4.2.H because the identity maps are traceable 
in Definition I4.2.9[ but not in Definition I4.2.1I 



Theorem 4.2.11. The formula given in Definition\4-2.^^ is a partial trace. 



Proof. Naturality: 

Let / G T^y, g : X' ^ X and h : Y ^ Y' he linear maps. First, we want to prove 
that 

{h © lu)fig © If/) e T^,^y, with {h © lu)fig ® lu) : X' ® U ^ Y' ® U. 
The following equations are satisfied by naturality on injections and projections: 

• {{h®lu)f{9®lu))n = hfng 

• {{h(Blu)f{9(Blu))i2 = hfu 

• {ih®iu)f{g®iu))2i = f2ig 

• ((/l © If/)/ ©![/)) 22 = /22. 

Thus, we have 

tm{{hmu)fi9®lu))2i = imf2ig C im/21 C im{I-f22) = im{I-{{hmu)fi9®lu))22) 

by the hypotheses, properties of the image, and the equations above. 
Also, 

ker{I-{{hQ)lu)f{g®lu))22) = ker{I-f22) C kerf, 2 C kerhf,2 = ker{{hQ)lu)f{g®lu))i2 

by the equations above, by the hypothesis, the properties of the kernel and the equa- 
tions above again. 

Now, we want to check the value of the trace. In view of the definition, we may write: 
T4,y,{{h © lu)f{g © lu)){x) = {{h © lu)f{g © lu))n{x) + {{h © lu)f{g © lu))i2{u) 
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for some ueU such that (/ - {{h © lu)f{g © li/))22)H = {h® lu)f{g © lu))2i{x). 
But, this imphes using the equations above that: 

hTrly{f){g{x)) ^ hTrly{f)g{x) 
for some u & U such that (/ — f22){u) = f2i{g{x)). 

Dinaturality : 

For any f : X ®U Y ® U\ g : U' ^ U we must prove that 

{lY®g)feTl^y iff /(Ix ® ^) e 

and also we need to check: Tr5[y((ly © g)f ) = Tr^y(/(lx © (?))• 

On the one hand, we know by naturahty on injections and projections that we have 

the following equations: 

• ((ly©^)/)ii = /ii 

• ((Iy©^)/)i2 = /i2 

• ((ly ©^)/)2i = ^/2i 

• ((ly ® g)f)22 = gf22- 

On the other hand we know: 

• (/(lx©^))ii = /ii 

• (/(Ixffi5))l2 = /l2^ 

• (/(1X©^))21 = /21 

• (/(Ix © 5'))22 = /225'- 

First, let us now prove the following equivalence: 

im{{lY ®g)f )2i C im(/-((ly©^)/)22) iff im(/(lx ©^))2i Q im{I - {f{lx ® g))22)- 
By the equations above, it corresponds to the following equivalence: 
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imgf 21 C im{I - gf 22) iff irnf 21 Q im{I - f22g)- 

(=^) Given x — f2i{z) for some z we want to prove that x e im{I — f22g)- 
Since, by hypothesis g{x) = g{f2i{z)) e im{I - 5^/22) then g{f2i{z)) = / - g{f22{z')) 
for some z' , which imphes that g{f2i{z) + f22{z')) — z' . Thus, now choose v — f2i{z) + 
f22{z') allowing us to obtain: 

V - f22{g{v)) = f2l{z) + /22(;^') - f22{g{v)) = f2l{z) + /22(;^') - f22{z') = f2l{z) = X. 

{<=) Given y — g{f2i{u)) for some u we want to prove y e im{I — gf22)- 

Since by hypothesis there is a 2; such that f2i{u) — z — f22{g{z)) consider v — g{z); 

then we get the following: 

(/ - gf22)iv) = g{z) - g{f22{g{z))) = g{z - f22{g{z))) = 5(/2iH) = y. 

Next, we want to check the following: 

ker{I - ((ly © ^)/)22) C keriily © g)f)i2 iff 
ker{I - {f{lx © g))22) C ker{f{lx © g))i2 

which by the equations above is equivalent to: 

ker{I - 51/22) C kerfi2 iff ker{I - f22g) Q kerfi2g. 

(^) If z = f22g{z) then g{z) = g{f22{g{z))) which implies that g{z) e ker{I - 5-/22) 
and by hypothesis that fuigiz)) = i.e., z G kerfi2g. 

(<^) If f — 5/22 (^) = then choosing z = f22iv) there is a. z such that g{z) = v. But, 
clearly z e ker{I — f22g) since v = gf22{v) implies: 

{I - f22g){z) = f22{v) - h2g{h2{v)) = f22{v) - f22{g{f22{v))) = f22{v) - f22{v) = 0. 

Then by hypothesis z e kerfi2g, which means that fi2g{z) — i.e., fi2{v) ~ 0. 
Hence, we proved that if i> — 5/22 (i^) = then /12(f) = 0. 
Now we are ready to check the values of the traces. 

T^x,y((ly ® ^)/)(«) = ((ly © 9)f)ii{y') + ((ly © ^?)/)i2(f ) for some ^; with 
(/ - ((ly © g)f)22){v) = ((ly © 5)/)2iN 

which by the equations above we get: 
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Trx,y((ly ffi 5')/)M = + IMv) for some v such that (/ - gf22){v) = 5^/21 

On the other hand we have that: 

Tr^;y(/(lx e g)){u) = (/(Ix © g))iiiu) + (/(U © g))i2{v') for some such that 
(/ - (/(U © g))22){v') = {f{lx © 5))2iH 

and again by the equations above: 

Tr^;^(/(lx © g)){u) = hi + h2gW) for some v' such that (7 - f22g){v') = f2i{u). 

Given v as above there is a f' such that = v since we have (/ — gf 22){v) = 
gf 2i{u) then v = g{f 22{v) + /2i(^i)) so choose v' = f22{v) + f2i{u) and this vector 
satisfies the condition required since (/ — f22g){v') = v' — f22g{v') = f22{v) + f2\{u) — 

f22g{v') = f2l{u). 

{^) Choose V = g{v') and then we get (/ - gf 22){v) = {I - gf22){g{v')) = g{v') - 

gf22g{v') = g{v' - f22g{v')) = g{l - f22g){v')) = g{f2i{u)) = 5/21 W- 

Vanishing I : 

Now, we want to check that: 

= C{X®I,Y® I) and Tr^,y(/) = pvfPx^. 

Let us consider / : X©/ — )■ F©/, wc notice first that im/21 — imO = C im{I — f 22) 
and ker{I — f22) = kerl = C kerf 12 since /12, /21, /22 are constant functions. 
Next, we move to the value of the trace: 

= /ii(^t) + fi2{v) for some v such that (7 - f22){v) = /2l(^t)■ 

Therefore, since /21 = we choose f = as a representative and we obtain: 

^x,Y{f) = /iiW = 7rii/mii(ii) = pYfPx\u). 

since injection, projection and p isomorphism coincide in this case. 

Vanishing II : 

For any g: X^U^V^Y^U^V, with g G T^^j/^y^^; we want to prove the 
following equivalence: 

g e T^^f iff lY^^^, (9) e 
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We are going to represent g using matrix notation: 



9 



gu 912 913 

921 922 923 

\ 931 932 933- ) 

First, we translate the general hypothesis (7 G T 
representation. 



in terms of this matrix 



921 922 

9^1= [931 932) -xeu^v 



9l2 




■.V^Y®U 



• 922 



^ [933) ■ 



V ^V. 



Thus the condition im 921 C. im{I — 922) is actually im ^ g^i g^2 ^ Q im{I — g^s) 
which implies that: \/x & X,yu & U,3v & V : g3i{x) + g32{u) + g33{v) — v. On the 

other hand, the condition ker{I — (f^) C ker gi2 is ker{I — 933) C ker i 1 which 

V 923 J 

implies that: \/v G V such that ^'33(1') — v then giai^v) + g23{v) — 0. 
We are now ready to translate the condition g e in terms of the matrix repre- 

sentation of g. 



911 



911 



X 



921^ \ \ -.X^U^V 

931 

^12 = ( 512 g^s) -UeV ^Y 



• 522 = I I : [/ © y ^ [/ © y. 

932 933 
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921 

Thus the condition im §21 Q im(I — §22) is actually im \ ) C 

931 

^22 ^23 \ 

im(I — \ j ) which implies that: \/x G X,3u G U,3v G V 

5'32 933 J 

92l{x) + 922{u) +923{v)^U 

93i{x) + g^2{u) +933{v)^v 

(^22 5'23 
I ) — 
932 933 

^sr ^ (yfi2 gi3 j which implies that: \/u & U,\/v & V such that m = 922{u) + g23{v) 
and w = 5-32 (m) + 5'33(^^) then 5-12 (m) + 5'i3(^^) = 0. 

Now we express Ti\q^jjy®u{9) ^ ^Scy terms of the components of g 
Trx®i7,yec/(fl')(^>^) = 9ii{x,u) + ^(f) for some v ^ V such that (/ - g^2){v) = 
^(a;,^) which implies: 

^\®u,Y®u{9){x,u) = (gii(x) + t/i2(ii),^2i(a:;) +^22(ii)) + (^i3(^^),523(^^)) for some 
V eV such that v - gz3{v) ^ 93i{x) + 5^32 (ti)- 

Now we renamed g = Tr^^^y^^(5f) and compose with injections and projections. 

• ^11 = TTi^mi : X ^Y, gii{x) = gii{x)^giz{vi) with vi such that fi -cj'33(t'i) = 
93i{x) 

• 921 = 7^29 ini : X ^U, g2i{x) = g2i{x) + g23{vi) with vi such that vi-g33{vi) ^ 
93i{x) 

• 9i2 = T^igin2 :U^Y, guiu) = guiu) + gi3{v2) with V2 such that f2-5'33(y2) = 
5-32 (m) 

• ^22 = 7^29 in2 :U^U, g22{u) = 5'22('w) +5'23('f;2) with V2 such that ^2 -5'33('U2) = 

5'32H- 

Thus we have that: 

9 ^ "^x.y iff ^21 Qim{I — §22) and ker{I — §22) Q kergu- 
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By the equations above the condition im g2i C.im{I — ^^22) imphes that 

Vx e X, Vi^i e V such that vi — g33{vi) — g3i{x), 3u e U, 3v2 e V such that 
V2 - 933(^2) = 932{u) and g2i{x) + 923(^1) + 922{u) + 923(^2) = u. 

On the other hand, the condition ker{I — §22) Q kergu imphes by the equations 
above that 

e U,yv2 e V such that V2 — g33{v2) = 932{u), if g'22('w) + g23{v2) = then 

gi2{u) + 5'13(^^2) = 0. 

Now since we have all the conditions in term of g we can prove the equivalence. 

(^) We have by general hypothesis that the condition img2i C im {I—g-n) is actually 
Vx e X, Vm G f/, 3f G y : g3i{x) + g32{u) + gz^i^v) = v. We also have now as 
hypothesis that the condition im^2i ^ im{I — ^22) is Vx G X, 3m G t/, 3v G : 
5'2i(2;) + g22{u) + g23{v) = u and g'aila^) + 5'32(ii) + g33{v) = t;. 
By the equations above we want to prove that: 

\/x G X,\/vi G V such that Vi — g33{vi) = g3i{x) (a) 

then 3u G [/, 3t;2 G V such that the following two equations hold: 

V2 - g33{v2) = g32{u) {/3) 

g2i{x) + g23{v\) + g22{u) + 5^23 (^^2) = M (7)- 

By hypothesis given a; G X, let us consider v such that ^'21(3:^) + g22{u) + g23{v) — u 
and g'3i(x) + g32{u) + ^'33(1') = v. Now choose 1)2 = v — Vi] then we have that 
92i{x) + 5'23(^^i) + 5'22(ti) + g23{v " ^^i) = g2i{x) + 5'22(^i) + 5'23(^^) = u which proves 
equation (7) using the first of the equations above. It can be seen that: 
V2 = v-vi = g3i{x)+g32{u)+g33{v)-vi = g3i{x)+g32{u)+g33{v)-{g33{vi)+g3i{x)) = 
g32{u) + gssiv) - 933{vi) = g32{u) + g33{v-vi) = 6-32 («) + 6-33 (^^2) which proves equation 

using the equations above. 
(«^=) Now assume the same general hypothesis as before: Vx G X, Vm G t/, 3v G F : 
g3i{x) + g32{u) + 5'33(f ) = V. We know by hypothesis that: 
\/x G X, Vfi G V such that Vi — g33{vi) = g3i{x), 3u G U, 3v2 G V such that 
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V2 - 5'33(''2) = 932iu) and g2i{x) + g23{vi) + 5'22(m) + 923(^2) = u. 
We want to prove that: Vx e X, 3m e C/, 3v e V^such that 

521(2;) + 5(22 (w) + 5'23(^^) = M W 

fl'3i(a^) + fl'32('w) + Qssiv) = 
Using the general hypothesis with m = we obtain: \/x e X, 3f 1 G : 

5'3l(a;) +5'32(0) +5'33(t'l) =^^1- 

Now by hypothesis we have: given x & X,vi &V, since vi — g3i{x) + g33{vi) we have 
that 3u e [/, 3^2 e y such that 

^^2 - 5'33(^^2) = 5'32(m) (1) 

g2iix) + g23{vi) + 5'22(«) + ^'23(^^2) =U (2). 

Now consider v — V1+V2 we have by the equation above (2) that: g2i{x)+g23{vi+V2) + 
g22{u) — u which proves (★). We also have that Vi-\-V2 — g3i{x) + 5'33(t'i) + 5'33(f2) + 
g32{u) by adding equations (1) and Thus V1 + V2 = g3i{x) + g33{vi + V2)+g32{u) 

which proves {•^). 

Now we move to checking that the condition on kernels is also satisfied. It follows 
from the general hypothesis that: &V such that ^'33(1') = v then gi3{v)-\-g23{v) — 0. 

(=^) By hypothesis we know that the two equations 

\lu e U,yv eVu ^ g22{u) + 5'23(^^) (*)i 

V = g32{u) + g33{v) W2 

imply 5112(1*) + 513(f) = 0. We want to prove that: Vit e C/ if 3^2 & V : V2 — 

533(^2) + 532 (m) with g22{u) + 523(^2) = u then 5^12 («) + 513(^2) = (★★). 
So, given u e U,V2 e V : V2 = 533(^^2) + 532(m) with g22{u) + 523(^2) = u then by 
hypothesis since u = 522(«) + 523(^^2) and V2 = 532(«) + g33{v2) so {-k)i and (★)2 are 
satisfied with v = V2 which implies 512 («) + 513(^2) = (irk). 
('^)By a similar argument with v = V2- 
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The values of the trace are conditioned by the imphcations above. According to 
these equations we have that: Trxi^uY(Bvi9)i^^ ^) — 9ii{x, u) + gi2{v) for some v such 
{I — g22){v) = g2iix,u). If we apply Tr^y to this function, it is equivalent in terms 
of the g to Tr^,y(Tr^©[/,y©y(5'))(a;) = gii{x) + gisivi + V2) + gi2{u) with u e U, 
vi eV, V2 eV such that: u = g2i{x) + g23{vi + V2) + g22{u), vi = g3i{x) + gssivi) 
and V2 = g32{u) + 933(^2) ■ 

On the other hand, we may also calculate Tj:^^{g){x) — gn{x) + gi2{u,v) for 
some u & U, V & V such that (/ — g22{u,v)) — g2i{x) and we get by the equations 
above: Tr^®/{g){x) = gu{x) + gi3{v) + gi2{u) with u = g2i{x) + g23{v) + g22{u), 
V — g3iix) + g33{v) + g32iu). In both implications we obtain the same value of the 
trace. Notice that the value is independent of the choice of the vectors that satisfy 
the auxiliary conditions. When we chose v — vi + V2 we have: 
T^x,Y{^^X(BU,Y®vi9)){x) = gu{x) + 513 (vi + V2) + 512 («) = Tr^f'{g){x) 
and when we chose V2 — v — Vi we have 

T^x,y (Trxei/,y®y = ^ii(^) + ^isK + ^2) + 9i2{u) = gn{x) + ^13(^1 + v-Vi) + 

9i2{u) = gn{x) + ^13 (^^) + 9i2{u) = Ttx^y i9){x). 

Superposing: 

Suppose now that / G T^^ y and g : W ^ Z; we want to prove that g(Bf G T^^^ z®y • 
First, we start writing the matrix representation of © / in terms of g. 

• (9® f)ii ^g®fu:W®X^Z®Y 

• (^©/)2i= ( /21 ) -.wox^u 



(5©/)i2= , -.U^Z^Y 




• {9® 1)22 ^ f22-U ^U. 

If 2; G im {g © /)2i then z = Ow + f2i{x) for some w G W, x E X which by hypothesis 
and the equation above implies that f2i{x) G ini (/ — f22) = iiTi (/ — ((?© 1)22) ■ 
On the other hand, we have ker{I — {g (B 1)22) = ker{I — f22) Q kerf 12 Q 
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ker I ) = ker{g © /)i2 by hypothesis and properties of kernels. 

/l2 

Now we evaluate the traces: 

T^w®x,zoy(9 ® f)(w, x)^(g® f)ii{w, x) + (g ® f)i2(u) = 


/l2 



g © Mw, x)+[ ° I {u) = {g{w), fu{x)) + (0, /i2(«)) = {g{w), fu{x) + fuiu)) 



{g{w),Trly{f){x) = {g ®Trly{f)){w,x) 

with u — f22{u) = /21 j (w,a;) which by the equations above is equivalent to 
u - h^iu) = f2i{x). Thus 

Yanking: 

We want to prove that au,u £ '^ij,u^ ^^^o Tr^;j((Ti7,[/) = 1[/ where au,u '-U ®U ^ 
U ®U \s the coherent isomorphism. 

• CTii = T^iCuu ini : U ^ U, with (Th = 

• (721 = n2(Juu i^i '■ U ^ U, with (J21 = idu 

• (7i2 = T^iCuu U ^ U, with (T12 = idu 

• (722 = 7r2(7[/(7 in2 : U ^ U, with (722 = 0. 

Thus, we have (721 (m) = u = {I — (722) (m) which means that im G2\ ^ira [I — 022)- 
On the other hand we have that \iu — (722 (m) then u — ^. This means that ker {I — 
022) C ker £712. 

The value of the trace is the following: 

with the condition: (7 — (722) (v) = (72i(ii) for some v & U. But this implies by the 
equations above that v — u. Thus Trff^jj{auu){U') — u, i.e., lh:^ jj[auu) — idu- 

□ 
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4.2.5 Completely positive maps with © 

Definition 4.2.12. On the category CPM with monoidal structure ©, we define a 
partial trace as follows. We say that / G y for some objects X, Y, U iff 

(a) (/ — /22) is invertible as linear function and 

(b) the inverse map (/ — f22)^^ is a completely positive map. 

We define Tr^y(/) = f\i + /i2(/ — 722)^^/21 where / is the identity map. 

Thus, we are demanding that (/ — /22)~^ should be regarded as an inverse in the 
category CPM. 



Lemma 4.2.13. Let M 



he a partitioned matrix with sub-block A G 



A B 
C D 

Matmxm, B G Matmxn, C G Matnxm o-^d D G Matnxn- Assume D is invertible. 
Then M is invertible if and only if A — BD^^C is invertible. 



Lemma 4.2.14. Let us consider A G Matmxn and B G Matnxm- Then {Im — AB) is 
invertible if and only if {In — BA) is invertible and (1^ — AB)^^A = A{In — BA)^^. 

Proposition 4.2.15. (CPM, ©, 0) is a partially traced category with respect to Def- 



inition 4-2.12 



Proof. The partial trace axioms, restricted to condition (a) of Definition 14.2. 12[ are 
basically proved in [31]. This picture is completed by adding the proof of the trace 
axioms for the positiveness condition (b) of Definition 14.2.121 
Vanishing I: 

This follows from the definition of the unit / as the empty list and the fact that the 
identity map is an invertible map where its inverse is a completely positive map. 
Thus T^x,Y = CPM(X, Y) and TV^,y(/) = / for every / G %^y- 

Superposing: 

Let us consider / G y and g : W ^ Z then g(Bf E T^y^x z®y since {g®f)22 = /22- 
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We also have: Tr^g.^^mylfi' © /) 



Naturality: 



9 

/ll + /l2(/ - /22)~V21 



g®Tily{f). 



Since 



If / G Tx Y s-iid we have two arrows g : X' ^ X , h : Y ^ Y' then si 

iih®idu)fig®idu))22 = /22 
always is satisfied for linear maps since composition computes as matrix product i.e., 



' h ' 




/ll /l2 




'9 




hfug /i/12 


In _ 




/2I /22 




_ 1„ _ 




/215' /22 



Thus then the conditions remain exactly the same, meaning that 
{{h © idu)fig © tdu))22 = f22 e T^,^Y'- 

Moreover 

T¥^,,y,((/i©l„)/((7©l„) = hfug+{hfi2){f22){f2i9) = /^(/ii+/i2/22/2i)^? = hTTy{f)g. 
Yanking : 

Note that sjj^u € T[^^ since {su^u)2,2 = which implies that / — {su,u)2,2 is invertible 
and (/ — 0)"^ is a completely positive map. Moreover ^T^^{a^^l/) = since 
{su,u)i,i = isu,u)2,2 = and {su,u)i,2 = {su,u)2,i = 1«- 



Vanishing II : 

Let us consider g : X Q) U (B V — t- Y Q) U Q) V, we write using matrix notation 

a b c 
9= d e f 

m n p 

Now, assuming by hypothesis that g G T^^uy^u, i.e., J — p is invertible and 
(I—p)^^ is a completely positive map we must show that g G T^*^ iff T^^X(BU,Y(Bui9) ^ 



First, we analyze the conditions of definition 14.2.121 in terms of its matrix term 
components. If we represent functions using matrix notation we have: 
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Trx©;7,y©[/(fi') 



we obtain 





m n 



and 



(Tr 



V 

X(BU,Y®U 



{g)h2{u) = {e + f{l-p)-'n){u) 



by composing with the second injection and the second projection. 
Thus we know by definition: 

Trx®c/,y©c/(5') e T^^y i-^-, I - e- f{l-p)-^n is invertible and {I -e- f{l-py^n)-^ 
is a complete positive map. 



On the other hand, g e T^^^^ i.e., / - 



e / 
n p 



is invertible and (/ 




is a complete positive map. Also we obtain the explicit inverse by 



(I 




(I-e-fqn) ^ (I-e-fqn) ^{f)q 
qn{I — e — fqn)^^ q + qn{I — e — fqn)~^fq 

where q = {I —p)^^. Now we prove the equivalence on the trace class: 

First of all, by Lemma [4.2. 131 above we get: if we know that (/ — p) is invertible 
fe f\ 

then (-^^ — I ) is invertible iff / — e — /(I — is invertible, which means 

\ n p J 

that the first part of the definition is satisfied. Also from Lemma [4.2. 131 we have that 
the equation on traces TT^^{g) = Tr^ y(Tr^^^y^f/(5f)) is satisfied by using matrix 

e f 
n p 



multiplication and the explicit inverse (/ 



written above. 



Positiveness condition (b): 
(<^=) Injections and projections are completely positive maps and by the fact that 
is a completely positive map this implies by definition that n and / are complete 
positive maps. Also, {I—e — f{l—p)~^n)~^ = (/—(Trj^g[;yg[;(5f))22)~^ is a completely 
positive map by conditional hypothesis and (/ — p)~^ is also a completely positive 

e / 



map by the general hypothesis. This implies that (/ — 



^1 ; 



is a completely 



n p 



positive since each component of the matrix is obtained by sum and composition of 
completely positive maps. 
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(^) If (/ — I I ) ^ is a completely positive map then 7rio(/ — 

e /\ 

)) = (/ — e — /(/ — p) ^n) ^ is a completely positive map where 
n p J 

TTi and ii are the first projection and first injection. Therefore, we showed that 
(J - e - /(/ - p)-'n)-' = (/ - (e + /(I - p)-'n)y' = (/ - {TT^xmymi9)h2)~' is a 
completely positive map. 



Dinaturality: 

Now, suppose f : X (B U ^ Y (B U' and g : U' ^ U are completely positive maps 
then we want to prove that {idy ®g)ofe T^xy ® g) ^ T^'y which means 

that {{idy®g)of)22 = g°f22 satisfies conditions (a) and (b) of Definition 14.2. 12] if and 
only if (/o(i4 © g))22 = f22°g does. 

Given f : X ® U ^ Y ® U' and g : U' U hj Lemma 14.2.141 above, / - gof22 is 
invertible if and only if / — f22°g is invertible and we have that 

TTly{{ly®g)f) = fu+fi2{I-gf22)-'gf2i = fii+ fug {I -f22g)-'f 21 = Ti'^^yifiU^g)). 

Therefore, it suffices to prove the following: if Iu—g°f is invertible and (lu—gof)"^ 
is a completely positive map then (/„/ — fog)~^ is a completely positive map, where 
f -.U ^U' and g -.U' ^U. 
We know by hypothesis that 

Vr, VA' e K ® K, if A' > then {Idr ® (4 - gof)-^){A') > 
and we want to prove that 

Vr, VA eVr® K', if A > then {Idr ® (/„' - fog))-^){A) > 0. 

Suppose we name {Idr ® (/«' — fog)^^){A) = B then by hypothesis 

A={Idr®{Iu'-fog)){B)>Q. (4) 

Since g is a. completely positive map this implies that: if A > then {Idr®g){A) > 0; 
next we apply this property to equation (j4]). 
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So, we get: 

< (Id, ® g)o{Idr ® (4' - fo9)){B) = {Idr ® gilu' - fog)){B) = 

{Id, ®{g- gofog)){B) = {Id, ® {In - gof)g){B) = {Id, ® (/„ - gof))o{Id, ® g){B) 

which imphes (rename it C) 

{Idr ® {In - gofmidr ® g){B)) = C > 0. 

Thus we have 

{Idr ® g){B) = {Idr ® {In - 9of))-\C) = {Idr ® {h - 9of)-'){C) > 

since (/„ — gof)~^ is a completely positive map by hypothesis. Therefore, {Idr ® 
g){B) > and on the other hand / is a completely positive map which implies 
{Idr ® f){{Idr ® g){B)) > 0, which means {Idr ® f°9){B) > 0. 

Finally, since if A > implies {Idr®Iu'){B) - {Idr® fog){B) > by equation ^ 
this implies that B > {Idr ® f°g){B) hence B = {Idr ® (/«' - fog)-^){A) > 
by transitivity for every r. For the converse implication we repeat this argument 
interchanging / and g. □ 

4.3 Partial trace in a monoidal subcategory of a 
partially traced category 

The aim of this section is to provide a general construction of partially traced cate- 
gories as subcategories of other partially (or totally) traced categories. 
Suppose {V, ®, J, s, Tr) is a partially traced category with trace 

Tr^^^y : V{X ®U,Y®U)^ V{X, Y). 

Given a monoidal subcategory C C P, we get a partial trace on C, defined by 
Tix^yif) = Trx,y(/) if Tr^,y(/) i and Tr'^^yif) ^ C{X,Y), and undefined other- 
wise. 

More generally, we shall show a method of constructing one partially traced cate- 
gory from another in such a way that the first one is faithfully embedded in the second. 
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Proposition 4.3.1. Let F : C V be a faithful strong symmetric monoidal functor 
with {T>, 0, /, s, Tr) a "partially traced category and (C, ®, /, s) a symmetric monoidal 
category. Then we obtain a partial trace Tr on C as follows. For f : X®U -^Y®U, 
we define Tr^y(/) — g if there exists some (necessarily unique) g : X such that 
F[g) — Trp5f,xy("^Y,l/ ° -^(/) ° it^x,u) is defined, and Tr^ undefined otherwise. 

Proof. To clarify the notation used liere we recall that there are two partial functions: 

Trly : C{X U,Y U) ^ C{X, Y) 

and 

Tr^^y : V(X ®U,Y®U)^ V(X, Y). 
Then we have two maps 

Trl^y:rly^e{X,Y) 
where y C C{X ®U,Y ®U) and we also have 

Tr''x,Y--'^x,Y^T^{X,Y) 
where T^y (ZV{X®U,Y®U). 

Naturality : 

For any X, Y , U objects in C, / G T^^y and g : X' ^ X ^ h : Y ^ Y' arrows in 
C. We want to prove that the two conditions given above hold: 
(1) we must prove that 

my,V o F{h ® lu)F{f)F{g ® lu) o mx',u e ^fx',fy' 
By naturality of the map m"^ with h, g and identities we have: 

my,^f;oF(/i®l[/) = {F{h)^lFu)'=''rnYu and also F{g®lu)omx',u = rnx,u°{F{g)®lFu)- 

(5) 
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Consequently, we need to prove that 

{F{h) ® Ifu) o niylj o F{f) o mx,u o {F{g) ® Ifu) e T^^,^fy'- 
Notice that by hypothesis 

o F{f) o mx,u e Tfi^^^^y. 
Then by the naturahty axiom in the category V we have that 

and also 

T^FX',FY'i{Hh) ® Ifi/) o mylj o o mx,u o (^((7) ® l^c;)) = 

= F{h) o Tr^^,,y(m^^ o F{f) o m^.i/) o Fig). 

(2) Since by hypothesis there exists an arrow pi : X ^ Y such that 

F{p^) = T^'^^FYimyu ° ^(/) ° '^x.c/) 

then 

TTpx',FY'i''^Y^u ° -^((^ ® Ic^) ° f ° (9 ^ 1(7)) ° f^x',u) = (equation above) 
= T4'^,pY'i{Hh) ® Ifu) o m^J; o F{f) o mx,t/ o (^((7) ® 1,.^;)) = 
(naturality axiom in V and hyp.) 

= F{h) o F(pi) o F((7) = F{h op.og). 

This means that we can choose P2 = h o p^o g. 

Now we are able to compute the trace: 

— u - — u 

TYx:-Y,{{h®\u)j{g®\-u)) =p2 = hop^og = hoTi^y{f)o g. 
Dinaturality: 

For any f : X ®U -^Y® U', g : U' ^ U where / and g are in C we must prove that 

(ly ® g)f e f^y iff f{lx ®g)e f^^y. 

We must check condition (1) and (2). 
(1) By definition we have 

(ly ® g)f e f ^,y implies rriy^jj o F((ly ® g)f) o mx,u e T'p%y. (6) 
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But in view of the naturality of m it follows that o F{1y ® (?) = (-^(1) (8) E{g)) o 
my^,. Then we can replace it in (E]) obtaining: 

itIyIj o F((ly (g) o mx,u = "^y,l/ o ^(ly ®g)°Ff° ^x^u = 

{IpY (S) F{g)) o my^^j;, o F/ o m^.c/ G Tfi^^.^y- 

It now follows by the dinaturality axiom of the category V that this condition is 
equivalent to proving: 

^yIj' ° ^(/) ° ^x,u ° (Ifx ® F{g)) G Tfi^'^y 

and again by naturality of m we have that mx,u o (Ifx ® -Fls')) = (-^(1 ® 5')) ° ^x,u' 
and we replace it: 



° ^(/) ° ^((1 ® fl') o mx^u' = my};, o (g) 51)) o mx,c/' G T^x,fy 



which is condition (1) in the definition / o (Ijsf (7) G T^'y In the same way we 
prove the converse. 

(2) Also there is an arrow pi such that F{pi) = Tipx fy{^y\j ° ^ii^Y ® g)f) ° 
mx,u) if and only if there is an arrow F{p2) = T^px fy{^y^u' ° ^{fi^x® g)) °^x,u')- 
Since the value of the trace remains invariant under the dinaturality axiom and all 
the transformations made in part (1) then it is enough to take pi = p2- 

Vanishing I: 

Now we want to check that: f^x,Y = C{X ® I,Y ® I). Given any f : X ®I ®I 
we want to prove that / G T^y by verifying conditions (1) and (2). 
(1) Let us consider (yf = (li?y(g)m7"'^)omy^oF(/)omx,/o(l^x®'"^/)- By the vanishing 
I axiom in the category T) we know that g G '^^fx fy- Then, since {1fy®itT'^^)°{^fy® 
^i) ° g = g ^ "^Fx FY '^^^ apply the dinaturality axiom in V to conclude that 
(liry (gm/) ogo^lpxi^mj^) G Tp^^ fy ^ut we have that {Ipy^mj) ogo^lpxi^mj^) = 
J o F{f) o rrixj- So we proved that o F{f) o nixj G ^px fy- 
(2) Since g G V{FX 1, FY ®I) we can say also, by the dinaturality axiom, that 

TrFx,Fy(^) = Tr^x,Fy("^y,/ ° ^(/) ° ^x,i) 



m 



YJ 
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but on the other hand we know that 

T^^fx,fy{9) = Pfy°9° Pfx 

by vanishing I in which imphes that 

T^fx,fy{9) = Pfy o (Ify <^ mj^) o myj o F{f) o mx,i o {Ipx <8) mi) o pp\- = 
(since F is monoidal ) F{py) o F{f) o F{p^) — F{py o f o p~^). 

Thus there exists a,p — PY°f°Px^ such that F(p) — Tr|!^^y(myjoF(/) omx,/)- 
Also notice that we prove that Tr-^yif) = P = Py ° f ° Px^, which is the equation of 
the trace value in the category C. 

Vanishing II: 

Let g:X^U^V^Y^U^Vhesin arrow in the category C. By hypothesis, 
we are given g G '^x^u,Y(S)U (general hypothesis) and we want to prove the following 
equivalence: 

9 ef^xf iSTrl^u,Ymi9) ^"^Iy- 
According to the general hypothesis there is a map: 

F{Xm)^FV "^'^ F{X^U^V) F{Y®U®V) "^'^ F{Y®U)®FV e f^l^^u),FiYm) 
and also there exists pi : X ®U -^Y^U such that 

F(pi) = Tr§.\xm,F{Y^u)i'^Ymv°Fi9)°mx0U,v) i-e., by definition pi = Trx^u,Ym(9)- 
(=^) We have a conditional hypothesis g e T^*^ which asserts that the map: 

FX0F{U<»V) '"^^ F{Xm<^V) F(y®C/®y) FY^F{Um) e f^^^^P 

and also that there exists an p2 : -'^ — > ^ such that 

F{P.) = Tr?j;??V^W ° Fig) o mx,u.v) i.e., by definition p. = TrZ\9). 

Recalling that pi = TTx^uYig)ui9)^ "^^ want to prove that pi G T^y For that 
purpose, wc shall prove the two conditions that characterize the trace class definition 
which are the following: 
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(1) the map 

FX^FU"^ F{X ^ U) F{Y ^U)"^ FY^ FU) e T'p^fy 

(2) there exists an p3 : X — >■ y such that 

F{pz) = '^Vx,fy{^y]u ° -^(Pi) ° "^x,c/) i.e., by definition 

P3 = Tr^,y(Pi) = Tr^,y(Tr^®c/,y$5i/(^))- 
(1) To prove condition (1) we notice that since by definition 

then we must prove that 

FX^FU F{X®U) ^^^^■-(-«-).-(-^"^"°^(^)°"^) F^Y®U) ^ FY®FU) e ^^l^y. 
But since 

this condition allows us to apply the naturality axiom in the category V: 

FX®FV®FV ^ii^^^ F{X®U)®FV ® ' F{Y^U)FV ^ FY®FU®FV 

'^FX®FU,FY(SFU- 

And also by the same axiom we have that: 

Tr^x®FC/,Fy®FC/(("^yi ® ^fv) ° "^y^.y ° ^(^) ° ^xmv ° ("^x,c/ ® Iff)) = 

Hence, this is equivalent to proving that: 

T^FX<SFU,FY0Fuii^Yil ® '^Fv) ° "^y^,!^ ° ^(^) ° "^^®C^,V « (^X,f/ Ipv)) G Tr^x.FY ■ 

Consequently, by vanishing II in the category V, it would be enough that the map 

A = {rriYlf ® Ifv) ° "^y®;7,y ° ^ia) ° mx®uy ° {mx,u ® Ifv) e ^Vx^fy 
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since we know that A e '^fx^fu,fy(SiFU- -^^^ coherence of monoidal functors we 
have: 

{itiyIj <H) Ifv) ° n2Yl,u,v ° ^ig) ° rnxmy ° {mx,u <H) Ifv) = 

= {Ifx ® m^V) ° '^vii^v ° ^(9) ° rnx,u®v ° 0-fx ® rnuy). 
Therefore, by the dinaturahty axiom in the category V: 

{Ifx rn'^y) o my^u^v ° ^{q) ° T^xmv ° {^fx ^ muy) G Tp^x^FY 
if and only if 

i'^Y\u®v ° ^(9) ° rnx,u®v) ° (Ifx ® mu,v) o (Ipx ® rn^y) ^ ^fx,fV 
which is vahd since this is the conditional hypothesis. 

(2) We shall prove that there exists an arrow ps : X inC such that 

F(p3) = Tr^x,Fy("^y,l/ ° ^(Pi) ° rnx,u)- 

For that purpose, take ps = p2- Hence by the conditional hypothesis if g' G 
holds then there is p2 with 

F{p2) = Trp^Sfy\mY}j^y o F{g) o mx,u^v)- 

Therefore, this is equal to, 

T^FX,FY ii'^Y}j<^v ° ^(9) ° rnx,um) ° i'^FX <S> muy) o {Ipx <S> m^y)) = 
T^FX^FY ii^FX <8) m^y) ° °F{g)o mx,u®v o ( Ifx O muy) ) = (dinaturahty) 

^9x,FY{^Vx®FU,FY®Fu{{'^FX®m^]y)omY]u^yoF{g)omxmv°{'^F^ = 
(vanishing II) 
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'^^FX,FY0^^FX^FU,FY^Fuii'n^Yh^'^Fv)ornY^^uy°Fi9^ = 
(coherence) 

1^FX,Fy(^y,l/ ° TrF(x®c/),F(y®[/)(^y®c/,y ° ^(^) ° rrixmy) ° ^x,c/) = 
(naturality axiom) 

TfFX,Fy("^y,[/ ° -^(Pi) ° '^x,u) — (definition of general hypothesis). 

So we have proved that: 

F{p2) = Tr^x,Fy(^yi ° F{Pi) ° ^x,c/) 

which means that 

1^x,y(1^x®[/,y®c/(^)) = = P3 = P2 = 'IV^,y (&)■ 

(<^) Similarly, we prove the converse. The proof is just a matter of using the converse 
hypothesis of vanishing II in the category D. 
Superposing: 

Suppose / e y and g :W ^ Z with g & Cwe want to prove that g<S>f £ '^w<siX,zis:Y 
by checking conditions (1) and (2). Also we want to show that 

z®y(^«)/) = ^<H)IV^,y(/). 
(1) By hypothesis we know that 

FX^FU"^ F{X ® [/) ^ F{Y ®U)"^ FY® FU) e T^x.fy 
and also there exists an arrow pi : X ^ Y such that 

F{Pi) = T^^xMrny}; o F{f) o mx,u). 
Then by the superposing axiom in the category T> it follows that 

Fig) ® {rriYn o F{f) o mx,u) e T^w»fx,fw®fy 
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and the trace value turns out to be 

T^^FW^FX,FZ®FY{Fig)(E){my^oF{f )omx,u)) = F{g) (^Tr^x,FY{mYljoF{f) omx,u)- 
But by functoriality of the tensor we obtain 

F{g) ® {my}; o F{f) o mx,u) = {Ifz ® my};) o {F{g) ® o (1^^ ® mx,u) = P 

(To simphfy notation, we name this equation (3). 

We can apply the naturality axiom in the category V and we obtain: 

{mz,Y ® Ifu) o /3 o {m^x ® '^fu) e T^^fw^Fizm 

and 

T^^f'iw^x) ,F{zm) {{.mz,Y®lFu)ol3o{m^^x®^Fu)) = mz,Y° '^'^fw®fx,fz®fy {l^)''rn^,x 
but by naturality and monoidal functor axioms we have that 

{mz,Y ® Ifc/) o j3o {m^x ® '^fu) = rnzm,u o F{g ® f) o mw®x,u- 

Therefore, we proved that o F{g ® /) o m e ^f^w^x).f{z^y- 

(2) Let us consider /3 = (iFz'^'^yl/) ° {Fg®Ff ) o (Ip^ ®mx,u)- It follows that 
^'^F\w®x),F{zt^Y){.{'n^z,Y ® ^Fu) ° ° {mw,x ® ^Fu)) = (naturality axiom) 

= mz,Y o ^^FW(»FX,FZ(8)FYiP) ° ^w,x = (functoriality of the tensor) 

= mz,Y o ^'^FW®FX,FZ^FY{F{g) ® {TTiy^ oFgo mx,u)) o rn^,x = (superposing) 

= mz,Y o {F{g) Tr p^^px,FZ^FY{'mY}j ° Fg o mx,u)) o rn^,x = (by hypothesis) 

= n^z,Y ° {F{g) <H) F{pi)) o m^-^ — (by naturality of m) 

^F{g®pi). 

Thus, we proved that there exists an arrow P2 — g®Pi such that 

F{p2) = ^T^F'(w<^x),F(z<^Y){{mz,Y ® Ifu) o /3 o {rn^,x ® ^fu))- 
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On the other hand, we have by naturahty and the fact that F is a monoidal 
functor: 

which means, according to our definition, that 

- — V ■ — u 

Yanking: 

Let us consider o : \J ® \J U ® U; we want to prove that au,u ^ '^uu ^^"^ 
^^u,ui'^u,u) = If/- To show that au^u G T^^u we recall from the trace class definition 
that we must check two conditions: 

(1) First, we notice that since F is a symmetric monoidal functor and by the 
yanking axiom in the category V: 

^u!u ° F{(Tu,u) o mu,u = cffu,fu e ^u^u- 

From which it follows that pu{apupu) = lpu = F{lu). 

(2) Therefore there exists an arrow p = lu such that 

F{lu) = T^T^ FU,Fuii^u!u ° Fi^u,u) o rnu,u)- 
Hence, we are saying that TTmj{au,u) = p = lu- CH 

4.4 Another partial trace on completely positive 
maps with 

Definition 4.4.1. Consider the forgetful functor F : (CPM, ©) (Vect/„,©), 
where (Vect/„, ©, 0, T) is partially traced by Definition 14.2 .11 i.e., CPM is a monoidal 
subcategory of Vectj„. We define a partial trace Tr with trace class given by T on 
CPM by the method of Section SSI 
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Remark 4.4.2. Comparing this with the partial trace (on the same category) defined 
in Section [4.2. 5[ we note that if / and (/ — /22)~^ are completely positive then 

/ll + /l2(-^ — /22) ^/21 

is a completely positive map. This implies that T^y as in Definition 14.2. 121 satisfies: 
Tx,y ^ ^x,Y- However, consider the CPM-map f: U®U-^U®U given by the 
following matrix: 

' / 
21 

We have /n = /, /21 = /12 = and /22 = 21. Then I - f^^ = I - 21 = (-1)/ 
is an invertible map with inverse (—1)/ but is not a positive map. On the other 
hand, /ii + /i2(/ - /22)-72i = / + 0((-l)/)0 = / is a CPM-map, i.e., / e f^^^ but 



4.5 Partial trace on superoperators with and (8) 

As an application of the construction of Section 14.31 we now focus on the category 
Q which is not a compact closed category. We discuss examples of partial traces in 
connection with its two monoidal structures. 

Example 4.5.1. (Q, ©) has a total trace operator Tr" ,^ : Q(x (B u,y Q) u) — )■ Q(x, y) 
defined by Tr" ,^(/) = fu + E»=o /12/22/21 , see [63] for details. 

Example 4.5.2. By Proposition I4.3.1( (Q, ©) has a partial trace Tr^ ,^ : Q(x (Bu,y Q) 
u) - Q(x,y), given by Tr^,^(/) fn + f^I - h2Y^ f2x- 

Example 4.5.3. Another partial trace on (Q, ©) is given by considering the forgetful 
functor from Q to the category of vector spaces (Vect, ©) with the kernel-image 
partial trace of Definition 14.2.91 given in Section 14.2.41 Notice that the identity is a 
superoperator satisfying Definition 14.2.91 which implies that these two partial traces 
still remain different on Q. 

Example 4.5.4. We can consider the category (Q^,©) of simple superoperators as a 
subcategory of the compact closed category (CPMs,©), see Definition 13.2.41 It has 
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a partial trace Tr given by Proposition K3A\ where Tr^y : Q,(X ® f/, F ® f/) ^ 
Clg{X,Y) is the canonical trace on CPM^. Since linear maps / in the category of 
finite dimensional vector spaces are continuous functions we can prove that for every 
completely positive map there exists a < A < 1 such that Xf is a superoperator. 
Then, for every unit map rju : I ^ U* ®U in CPM there exists a \u such that Xu-^u 
is a superoperator. Therefore, if A^^./ is a superoperator then / G T^y- 



Chapter 5 



A representation theorem for 
partially traced categories 

The goal of this chapter is to prove a strong converse to Proposition I4.3[ i.e.: every 
partially traced category arises as a monoidal subcategory of a totally traced cate- 
gory. More precisely, we show that every partially traced category can be faithfully 
embedded in a compact closed category in such a way that the trace is preserved. 

Our construction uses a partial version of the "Jnt" construction of Joyal, Street, 
and Verity jH] . When we try to apply the Int construction to a partially traced cat- 
egory C, we find that the composition operation in Int(C) is a well-defined operation 
only if the trace is total. We therefore consider a notion of "categories" with partially 
defined composition, namely, Freyd's paracategories [39j. Specifically, we introduce 
the notion of a strict symmetric compact closed paracategory. 

We first show that every partially traced category can be fully and faithfully 
embedded in a compact closed paracategory, by an analogue of the Int construction. 
We then show that every compact closed paracategory can be embedded (faithfully, 
but not necessarily fully) in a compact closed (total) category, using a construction 
similar to Freyd's. Finally, every compact closed category is (totally) traced, yielding 
the desired result. 
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5.1 Paracategories 

The aim of this section is to recall Freyd's notion of paracategory. A reference on 
this subject is [39]. Informally, a paracategory is a category with partially defined 
composition. 

Definition 5.1.1. A (directed) graph C consists of: 

• a class of elements called objects ohjiC) 

• for every pair of objects A,B a set C{A, B) called arrows from A to B. Let Arrow{C) 
be the class of all the arrows in C. 

Definition 5.1.2. Let C be a graph. We define 'P(C), the path category of 
C, by ohjiViC)) = ohjiC) and arrows from Aq to An are finite sequences 
(y4o, /o, v4i, /i, . . . , An) of alternating objects and arrows of the graph C, where n > 0. 
We say that n is the length of the path. Two arrows are equal when the sequences 
coincide. Composition is defined by concatenation and the identity arrow at A is the 
path of zero length {A) with an object A. We write = {A) for the identity arrow. 

Notation: For the sake of simplification, we often write / = /i, /2, • • • , fn for a 
path and the symbol "; " or ", " for concatenation. 

Recall the definition of Kleene equality and directed Kleene equality ")=" 
from Definition 14.1.11 

We write </>(/) i to say a partial function <^ is defined on input /. 

Definition 5.1.3. A paracategory (C, [— ]) consists of a directed graph C and a partial 
operation [— ] : Arrow{V{C)) Arrow{C) called composition, which satisfies the 
following axioms: 

(a) for all A, [e^] 4, i.e., [— ] is a total operation on empty paths 

(b) for paths of length one, [/] | and [/] = / 

(c) for all paths f : A B, / : B -> C, and s : C -> D, if [/] | then 
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We introduce the following notation: 

- 1a = [{A)] = [ca] for every object A in C. 

- for a path / = /i,/2,...,/„ and an operation ®, defined on C (see Defini- 
tion |5l2ll]), we extend it to the category of paths using the following notation: 

l®p/ = l®/l,l®/2,...,l®/n 

and in the same way: / (8>p 1. We drop the symbol p when it is clear from the 
context. 

Definition 5.1.4. Let (C, [— ]) and {V, [—]') be two paracategories. A func- 
tor between paracategories is a graph morphism F : Obj{C) — > Ohj{T>), 
F : C{A,B) V{FA,FB) such that when [p\ I then F[p] = [Fp]'. Let 
PCat be the category of (small) paracategories and functors. 
We say that such a functor is faithful if it is faithful as a morphism of graphs. 

Remark 5.1.5. Every category C can be regarded as a paracategory with 
[/i, ...,/„] = /„ o ... o In this case, composition is a totally defined operation. 
This yields a forgetful functor Cat — PCat. 

5.2 Symmetric monoidal paracategories 

Definition 5.2.1. A strict symmetric monoidal paracategory (C, [— ], 0, J, a), also 
called an ssmpc, consists of: 

• a paracategory (C, [— ]) 

• a total operation (g) : C x C — t- C which satisfies: 

{A IS) B) IS) C = A (B IS) C) on objects, {f S) g) h = f S) (g h) on arrows 
(associative); there is an object I such that AS)I = IS)A = A and / ® 1/ = 
1/ (8> / = / for every object A and arrow / (unit). Subject to the following 
conditions: 



CHAPTER 5. A REPRESENTATION THEOREM 



76 



(a) 1a^1b = 

(b) [/, /'] (S)[g,g'] J= [f ® g,f' ® g'] where /, g, /', g' are arrows of C and )= 
denotes Kleene directed equality. 

(c) 1 (g) [p] J= [1 Op] and [p] (g) 1 J= [p® 1] 

• for all objects A and B there is an arrow (Ja,b : A® B ^ B ® A such that: 

- for every f: B®A^X,g:Y^A®B, [(Ta.b, /] i and [g, cta.b] i 

- for every f : A A' and g : B ^ B': [/ (g) 1 ^ , cr] = [cr, 1 ^ (g) /] and 
[Ia^S-.o-] = [o-,5((g) U] 

- for every A and B: [a^.s, ct^.a] = 

- for every A, B, and C: [crA,B ® Ic, (^b,A0c] = U ® (Tb,c- 

Remark 5.2.2. Conditions (b) and (c) are equivalent to the condition [/i, ...,/„] (g) 
[gi ■ ■ ■ ,gn] r= [/i ® fi'i, • • • , /n ® g-n] for all natural numbers n. 

Proposition 5.2.3. Let (C, [— ], (g), /, o") be a ssmpc. Then for paths p, q of length 
one we have that [p® l,^, 1^ (g)g] |, [l^(g)g,p(g) 1/)] | and are egwa/ to p®q. Moreover, 
for paths p and q [1a® q-,p® Id] [p ® Ic, Ifi ® 

Proof. Let us first prove the result for paths of length 1, say p : A ^ B, q : C D. 
Observe that [p, 1b] = [p, [{B)]] = [p, (B)] = [p] = p since the last equation is 
defined and by the axioms. In the same way p = [1a, p], [^cQ] = (!=[(!■, ^d]- Then 
p®q= [p,lB]®[lc,q] )= [p<SilcAB®q] and p®q = [lA,p](g>[g, Id] )= [U®g,P®lD], by 
condition (b) of Definition 15.2.1] which implies that [lA®q,p®lD] i, [p®'^c, 1_b®9] i 
and [1^ (g) g, p (g) l^i] = [p (g) l^, 1b (g) g] =p® q. 

Now since we have already proved that [1^ ® q,p ® Ijj] i, [p ® Ici 1b ® Q'] i and 
that they are equal we can use the axioms of paracategories and extend this to 
[1a ® q,p® Id] r=! [v® Ic, 1b ® g] by iterating this procedure in the following way: 
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[1a ® q,p<S) Id] = [U ® gi, • • • , 1a ® qn,Pi ® Id, • • • ,Pm ® Id] 
[1a ® gi, • • • , [1a ® qn,Pi ® Id], • • • ,Pm ® Id] 
[1a (8) ■ ■ ■ , bi ® Ic, Ifi O ?«],■■■ ,Pm <H) Id] 
^ [1a <H) gi, ■ ■ ■ ,Pi <H) Ic, Is <H) gn, ■ ■ ■ ,Pm <H) Id] 
)=| . . . we move pi (8) Ic to the first position 
[Pl ® Ic, liJ ® gi, . . . , 1a ® gn,P2 (8 Ic, . . . 
. . . wc iterate this procedure m — 1 times 
^ [p® iclfi^g]. 



ld 



□ 



Definition 5.2.4. Let (C, [— ], (g), /, cr) and [— ]', 0', cr') be two ssmpcs. A func- 
tor between them is strict monoidal when F{A) (g)' F{B) — F{A (g) B), F{I) — I' on 
objects, F{f) (g)' F{g) — F{f (g) g^) and F{a) — a' on arrows. 

5.3 The completion of symmetric monoidal para- 
categories 

Prom now on C denotes a ssmpc. We wish to prove the following theorem: 

Theorem 5.3.1. Every strict symmetric monoidal paracategory can be faithfully em- 
bedded in a strict symmetric monoidal category. 

Definition 5.3.2. A congruence relation S on V{C) is given as follows: for every pair 
of objects A, B, an equivalence relation ^^'^ on the hom-set V{C){A,B), satisfying 
the following axioms. We usually omit the superscripts when they are clear from the 
context. 

(1) If p ~5 p' and q ~5 q', then p; q ~5 p'; q'. 

(2) Whenever \p] I, then p \p] . 
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(3) If p ~5 q, then 1 ~5 g ® 1 and 1 ^ p ~5 1 g . 

Remark 5.3.3. Technically Definition 15.3.21 can be regarded as a "congruence sub- 
category" on V{C), i.e., 5 is a subcategory of V{C) x V{C) satisfying axioms (2) and 
(3). 

Definition 5.3.4. We define a particular congruence relation S as follows: p ~j qii 
and only if Vr, s,Vv4,5 G 06j(C) [r, 1a® p0 Ib,s] )=[ [f, 1a ® g ® 1b, s]. 

Remark 5.3.5. It should be observed that p ~^ g implies [p] J=I [g] by letting f,s 
be empty lists and A = B = I. 

Let us check that 5 is a congruence relation. 

Lemma 5.3.6. S is a congruence relation. 

Proof. We need to show axioms (1), (2), and (3). To show (1), assume p ~^ g and 
■u ~^ t we have to check that p;u q;t. Consider arbitrary f, s, A, B. We have: 

[f, 1a®{p\ u)®1b, s] [f, 1a®P®1b, 1a®u®1b, s])^[r, lA®q®lB, 1a®u®1b, s]. 

The first equation is by definition of the tensor ®p on paths, the second equation is 
because by hypothesis we have that: p ~^ g implies [r' ,1a® p® 1b, s'] [r', 1^ ® 
q® IbiS'] with f = r' and s' = 1a®'u®1b-,s. In a similar way we have that: 

[r,lA®{q]t)®lB,s] [f,lA®q®lB,lA®t®lB,s] [f, UOg^l^, UOm® Ib, s]. 

It follows that p]u q;t. To prove (2), assume [p\ I, and let r, s, A, B be given. We 
observe first that 1a® [p] ® 1b )= [1a® P ® Is] 'by (c) in the definition of a ssmpc. 
Then [p] l implies that 1a ® [p] ® 1b i and then [1a® p ® 1b] i and and they are 
equal. Thus we have by one of the axioms of paracategory that: 

[f,lA®[p]®lB,s] [f,[lA®P ®1b],s] [f,lA®P®lB,s]. 

To prove (3), assume p ■ We observe that this implies for every C G Obj{C), 
[f, 1a® P® lc®lB,s])=^[f,lA®p' ®1c®'^b,s], yf,s,yA,B G Obj{C), therefore 
p® 1 ^g p' ® 1. In a similar way we get the other equation. □ 
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Definition 5.3.7. Let ~ be the smallest congruence relation on V{C), i.e., the inter- 
section of all congruence relations. 

Proposition 5.3.8. p^q implies [p] )=^[q]. 

Proof. Since {p, q) is in the intersection of all congruence relations then in particular 
p q which implies that [p] [g] by Remark 15.3.51 

□ 

Corollary 5.3.9. For paths p,q : A ^ B of length 1, p q iff p = q. 
Proof. Obvious from Proposition 15.3.81 and axiom (b) of paracategories. □ 
We now introduce the following notation: 

/®P^= (/8)pl),(l®p^). 

Note that, as a path, this is not equal to (1 ®pg), (/ ®p 1). However, we will show 
that they are congruent. When it is clear from the context we drop the letter p. 

Lemma 5.3.10. Let S be a congruence relation ofV{C). Then if f ~5 /' and g ~5 g' 
then f®g r^s f'®g'- 

Proof. By assumption / ~5 /' therefore by (3) we have f ® 1 ~5 f ® 1. Similarly 
1® q ~5 1 ® q' ■ Therefore by (1), we have: f ® 1,1 ® q ~5 f'®l,l®q'. 

□ 

Lemma 5.3.11. Let S he a congruence relation ofV{C). Then 

Proof. Given / = /i, . . . , /„ and g = gi, . . . ,gm we have that by Proposition 15.2.31 
above [/„ (g) 1, 1 gi] I, [1 (^i, /„ 1] | and are equal to fn® Qi- This yields, by 
Definition 15.3.21 of congruence relation, the following sequence of equivalences: 

Which implies by composition: 
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/l (g) 1, . . . , fn-1 ® 1, (/„ ® 1, 1 ® fi-l), 1 ® 5(2, . . . 1 ® fi-m ~5 

/l (g) 1, . . . , (g) 1, (1 ® 51, /„ O 1), 1 ® 52, • • • 1 ® S-m- 
^ V ' 

By iterating this procedure we end up moving 1 ® 51 into the first place. We finish 
the proof by repeating this m — 1 times. □ 

From now, "; " denotes composition in the quotient category written in diagram- 
matic order (here this means concatenation of paths). 

Lemma 5.3.12. Let S be a congruence relation defined on a strict symmetric 
monoidal paracategory (C, [— ], Cg), /, a). Then the quotient {V{C)/S, 0, /, s) is a strict 
symmetric monoidal category, where ® is the obvious tensor and s = a. 

Proof. Let (C, [— ], 0, /, cr) be a strict symmetric monoidal paracategory. It induces a 
strict symmetric monoidal category (V{C)/S, (g), /, s) in the following way: 
The objects of V{C)/S are the same as the objects of the graph C and the arrows 
f = fi . . . , fn are 5-equivalence classes of paths. Composition on classes is induced 
by composition on paths by axiom (1) of congruences. The identity is the class of the 
identity of the path category. 

A bifunctor ^ : P{C)/S x P{C)/S P{C)/S is defined by = / ®p 1, 1 ®p 5. 
The tensor is well-defined by the Lemma [5.3. 101 above. 
We must check the interchange law: 

(7®?);(7®?) = (7;7)®(?J) 

We have: 

f® 1; 1 ® 5, /' (g) 1; 1 ® 5' = f® 1; /' ® 1, 1 ® 5; 1 ® g' = 
f®lj'®l,l®g, l®g' = {fj')®l,l®{g,^) = {fj') ®p {g, g') = 

Where in (*) we used the property of the Lemma 15.3.111 above: 1 (g) 5, /' (g) 1 = 
/' ^ 1, 1 ® 5- 

Also we want to check that = eJ'SieB- 
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^A^^B — ®p Ifi, 1a ®p — ^A®B, ^A®B — ^A®B 

since [1a®b, 4- 

— * — * 

Given paths f : A ^ B, g : C ^ D and h : E ^ F we check the associative property: 

if^D^h = {f^p g)®h = {f^ Ic, Ib ® g)^h = {f® Ic, lB®g)®ph^ 

— * — * — * — * 

(/ ® Ic, lB®g)® 1e, Ib®d <8) /i = / <8) Ic ® Is, Is ® ^® Ib, 
f® Ic^E- Ib ® g ® lij, 1b ® 1/; ®h= f® lc®E, Is ® (^8) lij, lD®h) = 
f ®p {g®lE,lD®h) ^ f ®p {g®p h) = /(g) ®p /i) = f®{^®h). 
Also if / : A ^- 5 and Ij : I ^ I then: 

/^17 = / ®p 1/ = / <8) 1/, Is (g) 1/ = /, Ib = /. 

— * ^ — * ^ — * — * 

Since f ®li — f ®li — f and 1^ (g) 1/ = 1^. In the same way we get I/®/ = /. 
The symmetry is defined as sa,b '■ A®B B®A, sa,b = <7a,b- This arrow is an 
isomorphism since [(Ja,b,c!'b,a] i impUes o'a,b,o'b,a ~5 [ca,b,c_b,a] and then: 

Sa,B', Sb,A — (7a,B] CrB,A — 0'A,B, 0'B,A — Wa,B, '^B,a\ — 1A(8iB- 

Similarly sb,a; sa,b = ^b^a- 

Next, we check the following coherence diagram: {sa,b ® Ic); sb,a®c — ^a® sb,c- 

{sa,B <8) Ic); Sb,A0C = ((Ta,S<8)1c); CrB,A'S>C = {(^ A,B ® Ic); (^B,A®C = 
{(7A,B Ic), CTb.AoC = [{(^A,B <S> Ic), CrB,A(S>c] = 1a CrB,C = ^A^O^ = 1a®Sb,C- 

Next we prove naturahty of the map sa,b '■ A^B — > B^A. To see this, it is enough 
to prove it on simple path of length one and then extend it by composition. Let us 
consider f : A ^ A' and since [(T^,b, 1 ® f] X 

sa,b; (T®7) = oxb; (T®7) = oxb; 1 (8) / = (Ta,b, 1 ® / = [o-^,b, 1 ® /] = 
[/ (g) 1, (Ja',b] = / 1, crA',B = / 1; o>;b = (/<H)T); Sa',b- 
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For the general case we iterate this, applying the above equation several times. 

□ 

Proof of Theorem 15.3.11 

Proof. A functor between paracategories F : (C, [— ], ®, /, o") — )■ (V{C)/S,^,I,s), 
where the category V{C)/S is taken as a (total) paracategory, is defined in the fol- 
lowing way: 

- on objects as the identity and 

- on arrows F{f) = / as the projection on classes. 

Observe that F preserves identities and composition when [/] is defined: 

P[f\ = [f]= f = /l, • • • , /n = /i; • • • ; /n = Ffi, . . . ; Ffn. 

Following the definition, we have that F preserves symmetries: F{a) = a=s. 
In addition, if f : A ^ C and g : B ^ D then 

Fif ® (?) = f^g = [f^lB,lc^g] = f^iB,ic^g = TWa = Ff®Fg 

where the last sequence of equations is justified by Proposition I5.2.3[ the property 
above, axioms and by definition of congruence relation. 

Moreover, if S is the smallest congruence relation, or indeed any congruence relation 
satisfying 5 C 5, then F is faithful by Corollary 15.3.91 □ 

5.4 Compact closed paracategories 

Definition 5.4.1. A (strict symmetric) compact closed paracategory 
(C, [— ], ®, /, 0", ?7, e) is a strict symmetric monoidal paracategory such that for 
every object A there is an object A* and arrows rjA '■ I ^ A® A*, eA '■ A* ® A ^ I 
such that [riA ® 1a, 1a ® e^] i, [1a* ® Va, ca ® Ia*] i and [rjA ® U, 1a ® ca] = U, 
[1a* ®riA,eA ® 1a*] = 1a*- 
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Theorem 5.4.2. Every compact closed paracategory can be faithfully embedded in a 
compact closed category. 

Proof. Let us consider the paracategory (C, [— ], ®, /, a, rj, e). 

As a resuh of the proof of Theorem 15.3.11 above, it suffices to show that 
{V{C)/S,®, I, s,ri',e') is compact closed, where rj' = rj and e' = e. Notice 
that by definition the functor F preserves rj and e. Consequently, the compactness 
diagrams are satisfied, since the condition [77 ® 1, 1 e] | implies: 

= (g) 1a, 1a ® e 
= [77 (g) 1a, 1a ® e] 

= u 

In the same way, 1a*®t]]'^®'^a* = 1a* 

□ 

5.5 Freeness 

We can strengthen Theorem 15.3.11 by noting that the faithful embedding satisfies a 
universal property. 

Theorem 5.5.1. The category (P(C)/~, (g), /, s) satisfies the following property: for 
any strict symmetric monoidal category T> and any strict symmetric monoidal functor 
G : C ^ T> between paracategories, there exists a unique strict symmetric monoidal 
functor L : P(C)/~ — )■ V such that L o F = G , where F is the inclusion map defined 
in Theorem \5.3.1\ above. 
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Proof. Consider the set S: 



{{f,g)eViC)xViC): 



o ■ ■ ■ o 



G(/n) = G{g,) 



o ■ ■ ■ o 



G{gm) } 



where / = /i, ...,/„ and ^ = 5(1, ... , gm- 



We claim that 5 is a congruence relation in the sense of Definition 15.3.21 stipulated 
above. Clearly, it is an equivalence relation. To show that it satisfies axiom (1), 
assume 

Pi,. . .Pn qi,- ■ ■ ,qm and /i, . . . /s ~5 <?!, • • • , gt, then by hypothesis 



G{p^) o . . . o = o • ■ ■ o G{qJ and o ■ ■ ■ o = o • ■ ■ o G{g,). 



Then by composing the left hand side and the right hand side we get the condition 



To show (3), assume pi, . . . ,p„ ~^ gi, . . . , g^, then G{pi) o ■ ■ • o G{pn) = G{qi) o ■ ■ • o 
G{qm) which in C implies that {G{pi) o ■ ■ ■ o G{pn)) ®G1 = {G{qi) o ■ ■ ■ o G{qm)) ® Gl 
and by the tensor property of G and functoriality we obtain G{pi®l)o - ■ •oG'(p„(g)l) = 
G{qi (g) 1) o ■ ■ ■ o G{qm ® 1), which means pi (g) 1, . . . ,p„ (g) 1 ~5 gi ® 1, . . . , ® 1. In 
the same way p ~5 g implies l®p ~5 1 g . 

To show (2), since G is a functor between paracategories, we have G{pi) o . . . G{pn) = 

G{[p]) when [p] I hence p ~5 [p]. 

Now we define the functor L in the following way: 

L{A) = G{A) on objects and L{p) = G{pi) o • ■ ■ o G{pn), where p = pi, . . . ,p„. 

It should be apparent that F is well-defined since when p ^ q then in particular it is 
true that p ~5 g and this implies L{p) = L{q). 
We check functoriality: 



Pi,-- - ,Pn, /l, ■ • ■ , /s ~5 9l5 • • • 5 qm,gu - - - 



,gt- 



L{pi, . . . ,p„; gi, . . . ,g„) = L(pi, . . . ,p„,gi, . . . , g„) 

= G'(pi) o ■ ■ ■ o G(p„) o G'(gi) o • ■ ■ o G{qra) 
= L{pi, ...,Pn) o L(gi, . . . ,gm) 
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and 

L((A)) = LiU) = GiU) = Iga. 
Furthermore L is strict symmetric monoidal: 

= G{pi ® 1) o • ■ ■ o G{pn ® 1) o G(l ® gi) o ■ ■ ■ o G{1 ® g„) 

= (G(pi) ® Gl) o . . . o {G{pn) ® Gl) o (Gl ® Giqi)) o . . . o (Gl ® G(g„)) 

= {G{pi) ® 1) o ■ . ■ o ® 1) o (1 ® o • • . o (1 ® G(g™)) 

= (G(pi) o . . . o Gipn)) ® 1) o (1 ® (G(gi) o . . . o G(g^)) 

= (G(pi) o . . . o G(p„)) ® (G(gi) o . . . o 

Finally, since G is strict symmetric L{s) = L{w) = G{a) = a' where a' is the 
symmetry of the category V. 

□ 

5.6 Partially traced categories and the partial Int 
construction 

Joyal, Street, and Verity proved in [51] that every (totally) traced monoidal category 
C can be faithfully embedded in a compact closed category Int{C). Here, we give a 
similar construction for partially traced categories. We call the corresponding con- 
struction the partial Int construction, or the Int^ construction for short. When C is 
a partially traced category, Inf^iC) will be a compact closed paracategory. 

Definition 5.6.1. Let (C, (g),/, cr) be a symmetric monoidal category. There is a 
graph Int^{C) associated to this category defined in the following way: 

• objects: are a pair of object (A"*", A^) of the category C. 
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• arrows: Z^"*" : {A+,A-) ^ {B+,B-) are arrows of type / : A+i^B' B+i^A' 
in the category C. 

When it is clear from the context we drop the symbol Int^ on the arrows of 
IntP(C). 

We want to define a partial composition on this graph. For that purpose, consider 
the following natural transformation, uniquely induced by the symmetric monoidal 
structure, for n > 0: 

Also, given a path p — pi,... e V{InV{C)), using graphical language of symmet- 
ric monoidal categories, we shall define an arrow e(p) e C in the following way: if 
p — Pi, . . . ,Pm then e{p) pictorially is equal to: 
For m — 1 arrow: 
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and so on. 

In order to get e{pi, . . . ,Pm) we form a pyramid of m — 1 layers of symmetries. 

Definition 5.6.2. Let (C, ®, /, Tr, s) be a symmetric monoidal partially traced cate- 
gory. We turn the graph Int^{C) into a paracategory by defining a partial composition 
operation [p]. First of all, when it is applied to an empty path it will be defined as 
the identity arrow i.e., = 1a+<^a-- On path of length one it will be by 

definition the same arrow, i.e., [/] = Ti'^ {e{f){lx+ ® '^X2,x^)) — f with U = Xf . 
Suppose that we have a family of arrows : {X^,X[) — )■ {X^-^, X^^-^^) with 

1 < i < n {n > 2) in the graph Int^\C) such that dom{fi^i) = cod{fi) and 
1 < i < n — 1. Let U = X~ (g) X~_-j^ ® ■ ■ ■ Cg) X^ X2 and the permutation 7 

® X^_i ® ■ • • ® X3" ® X2" — ^ X2" ® Xg- ® ■ ■ ■ ® X~_i ® X^. 
We define the following operation for n > 2: 

[h, ...,/„] Tr^(e(/i, . . . , ® Ix-^, ® 7n-i)). 

Note that therefore, [/i, . . . , /„] is defined if and only if 
e(/i,...,/n)(lx+®lx-^, ®7)eT^. 

We show now that the operation [— ] satisfies the axioms required in order to be 
a paracategory. 

Lemma 5.6.3. Let (C, (g), /, Tr, s) be a strict symmetric monoidal partially traced 
category. The operation defined in Definition 15. 6.2\ determines a paracategory 

ilntmd-])- 

Proof. Properties (a) and (b) of Definition 15.1.31 hold by definition. The goal is to 
prove (c), i.e., if [g] | then [f, [g\,h] J=| [f,g, h] for every / and h. The value of the 
trace remains always invariant or follows the variations that the axioms trace dictate. 
Without loss of generality we are going to represent these paths using graphical lan- 
guage in a concrete situation. Therefore, suppose we have f = fi, f2, g = gi, g2, gs, g^ 
and h = hi,h2,hs- The most general case follows the same pattern. 
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The fact that [g] J, means that the map: 



(7) 



V 



V 





91 




92 




93 




94 























(without the dotted hnes) is in the trace class T^. We symbohze that it is in the 
trace class of this type with these dotted hnes. Moreover, [/, [g\,h] I means that: 



(8) 






fl 




/2 




{9\ 




h 




h2 




h3 































without the dotted lines is in trace class T^. We want to obtain [f,g, h]. So, for 
that purpose, we start by replacing the first diagram ([7]) traced on V into the second 
diagram ([H]). Then we apply superposition, and the naturality axiom and we get the 
following diagram: 






fl 




f2 




















h 




h2 












91 




92 




93 




94 













































(9) 
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Let us call this map a (without the dotted lines). Notice that since [g\ | and after 
applying superposing and the naturality axioms we have that a G T^. This turns 
out to be the general condition that we need in order to use the Vanishing II axiom, 
i.e., if we consider a e as a general hypothesis then the equivalence 

is precisely the condition required to apply the Vanishing II axiom in which the 
condition [/, [g\,h] translates into Tr^(a) G and [/, g, h] into a e T^®^. Thus we 
can replace the previous diagram by the next one: 






fl 




f2 




9i 




92 




93 




94 




h 




h2 





























































By coherence we can replace this part of the diagram: 




by this one 
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So, by this substitution and functoriality we get: 






fl 




f2 




9i 




92 




93 




94 




h 




h2 





























































Prom now, we are going to permute the objects that are traced in order to get the 

— * — * 

formula [/, g, h] . The dinaturahty axiom allows us to commute the objects that are 
traced by composing with a permutation and pre-composing with its inverse. For that 
purpose we define a permutation which will impose an order at the level of objects in 
such a way that creates a sequence where the objects that are connected to g follow 

— * — * 

the objects connected to / and the objects of h follow the objects of g: 



r:Ai^A2- 
Ai (g) A2 



5 A 



5 Si (g) • • • 



Bm.-\Bm $ 



5 5i 



C's-l- 
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Also, by definition of our product we liave tlie permutations associated witli [f,[g\,h]: 
i : Cs-\_®Cs-'i®- ■ ■ C2®Ci®B„,®An . . . A2®Ai Ai®A2 . . . A„®5^®Ci®C2 • • • Cs-i 
and witfi [g\: 

7" : ® Bm-2 ®---®B2®Bi^Bi®B2®---® Bm-2 ® ^m-l 

— * — * 

and witfi [/, g, h]: 

Cs-l®Cs-2®- ■ ■ Ci®Bm®Bm-l®. ■ ■ Bi®An®An-l ■ ■ ■®Ai 4 ^i^. . . An®Bi ■ ■ ■®B^®Ci 

As we said, we want to compose and pre-compose witfi a permutation, fet us caff 
it y, for our purpose tfiis permutation sfioufd satisfy: 

Thus, since aff this map are invertibfe we define: 

y = 7;T-';(7'"'«)7""')- 
In our concrete graphicaf description after appfying dinaturafity we get: 






/l 




/2 




9i 




92 




93 




94 




h 




h2 





























































and using the equation that we defined above y; (7' ® 7") = 7; r ^ we repface it and 
we obtain: 
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.7. r.-.l 




Now we split the diagram in two sets of different types of symmetries, those which 
are functorially free from the set of arrows {fi, gj, hk : k} and those that are not. 
Here, in the next diagram, the dotted boxes contain part of the free ones: 





h 




fi 




"9i 




92 




93 




94 








h2 



































































So, we replace this box: 
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By this one: 




and this one: 
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Finally, we get the desired diagram: 




To go from [f, g, h] to [f, [g\ , h] we use the same arguments in the reverse order 
since [g\ l- □ 

Next, we wish to show that the paracategory IntP{C) is strict symmetric monoidal. 

Definition 5.6.4. Let (C, (g), /, Tr, s) be a symmetric monoidal partially traced cat- 
egory, the tensor in the graph IntP{C) is defined as follows: 

• The unit is (/, /) 

• on objects: A-) ® B') = {A+ ® B+, B' ® A') 
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• on arrows: given /^"*'' : {A+,A-) iC+,C-) and ^^"'^ : {B+,B-) 
{D+,D-) then (/ ® gY^^" : ® {B+,B-) (C+,C-) {D+,D-) 

is defined by 

A+^B+^D-^ C- '4' 5+ ® C- ® D- 5+ ® C+ ® '4' 

c+®B+®D-® A- (:;+ ® D+ 5- 

Let us derive some immediate consequences of this definition: 
(i) 

^{A+,A-) ® = X=X= = — '^{A+®B+,B-®A-) 

ill) A-) ® (7,7) = (g) 7,7 (8) A-) = A") and (7,7) ® {A+.A') = 
(A+,A-). 

(iii) {A+,A-) ® {{B+,B-) ® (C+,C-)) = (^+ ® S+ (:7+,(:7- ® A-) = 
((>!+, ^-) (8 (S+,S-))o(C+,C-). 

Definition 5.6.5. The symmetry {A+,A-) ® {B+,B-) 4 {B+.B') ® {A+.A') is 
defined in Int^iC) by the following formula: a = Sa+b+ ® -Syi-s-. 

Lemma 5.6.6. Let (C, (8), 7, Tr, s) &e a symmetric monoidal partial traced category. 
Given Z^"*" : {Y+, Y') (C+, C") (L>+, £>-), an(^ : (A+, A") (g) {B+, B') 
{X'^,X~) then [/, cr] \, and [cr, g^] 4- 

Proof. To simplify the notation we use the symbol ";" for the composition in the 
category C with the order given by graphical concatenation. 

We first consider the composition of / : (g) D' ® C~ ® ® Y~ with the 

following symmetries and identities in the category C: {1y+®sc-d-)] f] (sc+£>+<8)ly-)- 
Next, since by the yanking axiom sd-®c-,d-(s>c- £ '^d-®c-,d-®c- 
'^D-tc-,D-^c-(^D-<^c-,D-(x>c-) = 1d-®c- then by superposing axiom we have that 
ly+ (8) sd-^c-,d-^c- e Ty+^^-^c-x+^D-^c- 

ly+ (g) Tr^_|^_^^_^^_(sD-®c-,D-®c-) = 

^Y+SD-®C-,Y+^D-»C-(^y+ ® (5d-®C-,D-®C-))- 
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Therefore, by naturality we have that: 

® sc-D-);T^Y+SD-»c-,Y+^D-®c-i^y+ ^ (sd-®c-,d-®c- )) ; /; {sc+D+ ® ly-) = 

T^Y+Sc-^D-X+®D-^C-ii^Y+<^Sc-D-<^iD-^C-);{^Y+^SD-^C-D-^C-));f;{sc+D+<^ 

ly-) = 

by coherence: 

'^y+2c-®D-,y+®i3-®c-((l^+®«c-®D-,D-®c-);(lY+®lD-®c-<H)sc-D-));/;(sc+D+<H) 

by the naturahty axiom: 

1d-®c-; (sc+D+ ® ly- <8) 1d-®c-)) = 
and by functoriahty: 

Tl-y+^c-®D-,i3+®C+®y-((ly+ ^ Sc-<sD-,D-®C-)]{f ® lc-®D- ) ; (sc+D+ «) ly- (8) 

sc-D-)) = 

Now by coherence, we can replace: 

SC+D+ ® ly- ® Sc-D- 

by the following 

(lc+®L>+ ® sy-,c-®d-)] {sc+d+ ® sc-D- ® ly-); (lD+(giC+ ® SD-®c-,y-)- 

Which, by definition, is [/, sc+d+'®sc~d-], i-e., we proved that [/, o-(c+,C'),{d+,d-)] I- 
After repeating a similar argument as above, we have: [sa+b+ ® Sa-b-, f] i ■ 

Now we repeat the proof using graphical language. The purpose of this is to 
persuade the reader of the advantages of using this methodology. We start with the 
following diagram 
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by the yanking axiom the graphic inside the box is in the trace class 

























X 



by the superposition axiom 




naturahty axiom 













f 














X 











naturahty of the symmetry a 




functoriahty 
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by coherence given by naturality of cr and coherence axiom in C 




From now we use the graphical language systematically. 
Lemma 5.6.7. a is a natural transformation. 



□ 



Proof. We want to prove that cr o {f ^ g) = {f ® q) ° cr. Notice that we have already 
proved that {f ® g) cr \- and cr o (/ (g) (7) ^ by Lemma I5.6.6I We have by assumption 
that 0" o (/ (g) (7) is defined. In the graphical language this means that h G T^*^^, 
where h is the following diagram: 





the trace given by Ti^®^ {h) = 

Here the issue is to justify the use of the Vanishing II axiom. Putting the matter 
schematically without to much emphasis on the name of the objects, we want to split 
the trace over U ®V hy using a general hypothesis of type h G and a conditional 
hypothesis of type h G T*^®^ and we must prove that Tr^(/i) G T^. This is the kind 
of back and forward process of proof that we have repeatedly used before where the 
justification of the use of the axiom is also the proof that we need. Let us start by 
considering the following diagram: 



(10) 




Then by the yanking axiom, which is totally defined: a G T and we can replace the 
former graph by this one 
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and by the superposition axiom (both versions) we have that locally the diagram 
satisfies that it is part of the trace class and the graph, after tracing it out is 
given by 




Then the naturality axiom allows us to include the full diagram in the trace class 
and we are allowed also to trace it: 




Finally, by coherence 





e T*^ and the trace is represented by 

Now we are in a position where we can use the vanishing II axiom and to conclude that 
Tr^(/i) e and of course the value of the trace is given by Tr^(Tr^(/i)) = Tr^®^(/i). 

After justifying the use of the vanishing II axiom we move to ensure that both 
diagram are equal. First notice that the following diagrams are equivalent : 



by coherence 

Starting with the last diagram and applying the axioms, where the existence of 
the trace is justified by the axiom that we are mentioning, we obtain: 
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where the last diagram is of type Tr (Tr (/i')). Therefore, by the same reasoning 
as given at the beginning of the proof we find that Tr^®^(/i') = Ti^ (Ti^ (h')) also for 
this diagram. As before we repeat our arguments to justify the existence and value 
of the trace for the case when we start with the graph 




obtaining the following diagram: 







1 




g 








X 



□ 

Lemma 5.6.8. [a ® 1, cr] = 1 (g) a. 

Proof. Here again, as in Lemma 15.6.71 the key point is to justify the use of the 
Vanishing II axiom. We will apply this strategy twice. Since by Lemma 15.6.61 [a ® 
1, cr] I we want to be able to use an scheme proof of type: g G T^®^®'^ iff Ti^ (g) G 
T^®^, but for this we need an hypothesis of type g G T^. To justify this, we want 
to split the trace over U ^ V hj using a general hypothesis of type h G and a 
conditional hypothesis of type h G T*^®^ and we must prove that Tr^(/i) G T^. 
We start with the following diagram that represents 1 ® a: 




which by coherence is equivalent to the following 
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Therefore, by yanking, (let us name the variable U) we have 




Then by the naturality and the superposition axioms we obtain that it is equal to 
the trace represented by: 




in which the diagram below the trace, let us call it h, satisfies h e T'-^ . Notice that 
this is true because our axioms of partially traced category allow us to entail this last 
statement. 

Now, by coherence we have that is equal to 




Let us still call h the new graph below the trace. By yanking with respect to a variable 
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V 




Now again by naturality, superposition and coherence we conclude that the graph 
below the trace, name it h', is in the trace class T^. Moreover, the value of the trace 
along V is equal to h, i.e., Tr^(h') — h, which implies that is in the trace class T*^, 
this means that we are allowed to use vanishing II and to conclude that h' e T^®^: 




Hence, this yields after applying vanishing II again 




which represents [cr (8 1, cr]. □ 
Lemma 5.6.9. 1 (g) [p ] J= [ 1 p ] and [p ] (g) 1 1= [p O 1 ] • 

Proof. Without loss of generality we consider the case when p = Pi,P2,P3,P4- By 
definition [p] ® 1 is equal to: 
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and since by the yanking axiom Tr(a") = 1, we have that: 




Now by the fact that the trace is defined on symmetries this is the hypothesis that 
I need in order to apply superposing (equivalent version) axiom, thus by the same 
reason we can apply also the naturality axiom: 




We name g the diagram without being traced, i.e., g is 




Then g e T''^ by the reasons given above and if we reverse this procedure in 
fact we are showing that Tr^(g) e T*^ (after applying superposition, yanking and 



CHAPTER 5. A REPRESENTATION THEOREM 



104 



naturality and returning to the very beginning of the proof) thus we are satisfying 
the hypothesis of Vanishing II which means that g G T'^®^. 

Now we are allowed to apply the dinaturality axiom in order to permute the order of 
the objects that are going to be traced out: 




Again since the trace is total on symmetries, and after applying superposing (equiv- 
alent version), the naturality axiom shows that: 
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Coherence and the yanking axiom: 
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Same argument as before applied to the third hne: 




We therefore have again by coherence: 
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Which is by definition [p > 



□ 



Theorem 5.6.10. Let {C,(S>,I,Tr,s) be a symmetric monoidal partially traced cate- 
gory. The operation defined above [—] determines a ssmpc {Int^{C), [— ], (8), cr). 



Proof. It follows from the previous lemmas. 



□ 



Next, we wish to show that IntP{C) is a compact closed paracategory. Let 
{I, I) {A, B) ® {A, B)* and {A, B)* ® {A, B) {I, I) be the unit and counit 
associated to the paracategory Int^{C). Actually, since C is a strict category, we can 
regard these morphisms as id : IiSiA^B A^BiSiI and id : S(8)A(8)S IiSiB^A 
respectively. 
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Lemma 5.6.11. [770I, l<^e] i, [l(8)7y,£0l] 4, and [r]<^l, 10£] = 1, [l<^rj,e<^l] = 1. 

Proof. Notice that aA,i — idA for every object A e C. We start with the identity map 
{A, B) {A, B) which is the map \ : A ® B ^ A ® B m. C. Since, 




holds by coherence, using the yanking axiom 




Notice that, all along this proof, we implicitly claim that the graph below the trace is 
in the corresponding trace class. For instance, in the last diagram from the naturality 
axiom it follows that 




Then by superposing axiom and coherence 




Therefore, by applying yanking and naturality again we obtain 




where the graph below this new trace is in the trace class T"^ and this, of course, will 
be preserved by any coherent modification of the graph. We have from superposition 
and coherence axioms that 
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where the graph below the trace is in the trace class T^. Since C is a strict category 
then is equal to 



Finally, since the trace class conditions for applying vanishing II are satisfied, we 
apply the vanishing II axiom twice and we obtain that is equal to 




» = [77 (g) 1, 1 (8) £]. 



In the same way as before wc prove that [1 r], e 1] = 1. 

We sketch schematically the rest of the proof leaving details to the reader. We 
start with the identity Ib^a- 



coherence: 



yanking: 




c 



naturality: 




coh.: 




yanking: 




superposmg: 




nat.: 




coh.: 




dinaturality: 




yanking: 




naturality: 




coherence: 
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vanishing II: 



□ 

Corollary 5.6.12. Let C he partially traced. Then Int^{C) is a compact closed para- 
category. 

Proof. This is a consequence of Lemma I5.6.11I □ 

Our final result for this section is that there exists a full and faithful, trace pre- 
serving functor from C to Int^{C). 

Definition 5.6.13. In a similar way as done in jH], we define a fully faithful functor 
between paracategories N : C Int^{C) defined by N{A) = {A, I) and A^(/) = / by 
strictness of the category C. 

Lemma 5.6.14. N is a well-defined, full and faithful functor of paracategories. 

Proof. To prove well-definedness, note that we are considering the category C as a 
paracategory with composition [/i, . . . , /„] = /n o • • • o /i as its partial operation, and 
[—]' the partial composition defined in Int^{C). Thus, A^([/]) = [N{f)] , since by the 
Vanishing I axiom, the trace operator is totally defined when we restrict it to this 
type of arrows i.e., ^ = C{A (g) /, i? (g) /) and Tr;^ ^(/) = /. 

By definition, A^(/) = N{g) implies f = g, which proves faithfulness. If we take 
and arrow in IntP{{A, I), {B, I)), let us say for example / : {A, I) — )■ {B,I), which 
really means in C an arrow of type f: A®I^B®I, then we just choose the same 
/ obtaining N f = f. This proves fullness. □ 

Lemma 5.6.15. The functor N : C — )■ Int^{C) preserves the trace, i.e., if f : A^U — ?► 

B^U ism T^_^ then A^(Tr^_^(/)) = Trj^^_^^(A^/) : (A, I) {B,I) which means 

NiTr%{f)) = [1 ® r/; / ® 1; 1 ® cr; 1 ® £]. 
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Proof. Let us start with iV"(Tr^^^(/)) : A^I^B^I in C which is represented by 




Notice that by hypothesis we have / e T^. Let us call this hypothesis: condition 
{A). 

By the yanking axiom au,u £ where the trace is locally represented by 



and by applying superposing axiom cr (8) 1^ e and then by applying the natu- 
rality axiom we obtain that the full diagram below this trace is in T*^ (let us call it 
condition i.e., 




The trace of this graph is equal to / which imphes by condition (A) that is in 
i-e., 




Prom condition (^4) and (B) and the vanishing II axiom we conclude that 




:U(S>U 
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(let us call it condition A + B) and the trace is represented by: 



112 



We repeat this operation, by yanking: 



and naturality we obtain that the diagram in the dotted box: 



is in T^. 

Hence, after any further coherent change we made in the graph, it will remain in 
the trace class T'^. Let us call it condition (C); where the trace will be represented 

by 
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coherence: 




In the same way as above: by condition A + B, C and the vanishing II axiom we 
obtain that the graph is in the trace class TT^*^^*^^ and the trace given by 




Now, since C is a strict category we can represent the last diagram in the following 
way: 




which is equal to [1 ® 77; / ® 1; 1 ® cr; 1 e]. 
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5.7 Representation theorem for partially traced 
categories 

Theorem 5.7.1. Every (strict) symmetric partially traced category can be faithfully 
embedded in a totally traced category. 

Proof. This follows from the various lemmas. Let C be a strict symmetric partially 
traced category. By Lemmas 15.6.141 and 15.6.151 C can be faithfully embedded in a 
compact closed paracategory IntP{C), and the embedding is trace preserving. By 
Lemma 15.4.21 IntP{C) can be faithfully embedded in a compact closed category 
Vi^InfiC)) / ^ (and the embedding preserves the compact closed structure, hence 
the trace). Since V^Int^iC)) / is compact closed, it is totally traced, which proves 
the theorem. □ 

Remark 5.7.2. Notice that by the Lemma 15.6.151 above li f : A®U ^ B ®U is m. 
T^_^ then [1 ® ?7; / ® 1; 1 ® a; 1 therefore the projection functor 

F : IntP{C) V{IntP{C))/r^ 

also preserves the trace F{TT^^^{f)) = TTp^p^{Ff) since we have that 

F{Tr%{f)) = F[l ® ri;f 1;1 ® a;l e] = [1 ® 77; / ® 1; 1 ® a; 1 ® e] = 
l®?7;/®l;l®cr;l(g)e = TWrj o / 1 o TWa o TWe = T®?] o /(g)! o T®^ o T(g)£ = 

5.8 Universal property 

The category {V{Int^{C)) / I , s) satisfies the following universal property. 

Proposition 5.8.1. Let C be a partially traced category and T> a compact closed 
category. If F : C ^ V is a strict monoidal traced functor then there exists a unique 
monoidal functor L : V{Int^{C))/^ — t- V such that 

C ^ V{IntP{C))/^ 
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where N is C ^ IntP{C) ^ V{IntP{C))/^ 

Proof. We first construct a monoidal functor K : IntP{C) — > V sucli tliat K o N = F. 
Tliis functor is defined in tlie same way as in ^1], and is in fact unique. 

On objects K{A, U) = FA® (FU)* and given {A, U) (5, V) we define K{f) 

as 

FA®FU* FA®FV®FV*®FU* FB®FU®FV*®FU* ^'^^'^^'^^''^ FB®FV* 
Grapliically tliis is represented by tlie following diagram 




We need to prove that K is a, functor between paracategories, i.e., if [/i, . . . /n] i 
then = [K fi, . . . K fy^. The remaining properties of K are proved as 

in [H]. 

Without loss of generality we take n = 4. Therefore we have 



where 




Since F preserves the trace, composition and symmetries we have that equa- 
tion (ITT]) is equal to the following diagram 
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Notice that the category V is compact closed and its trace is totally defined and 
given by composition of unit rj, counit e, symmetries a and arrows Ffi in P, i = 1 . . . 4. 
Therefore, by coherence in D, we transform the previous diagram into 




i.e., [Kf,,...KU]. 

Given K, we use Theorem 15.5.11 to obtain a unique L such that: 




Uniqueness: Suppose L' : V{IntP{C))/^ — )■ P is another monoidal functor such 
that L' on o N = F. Then K' = L' o-k satisfies K' o N = F hy uniqueness of it 
follows that K = K' . But then L' o n = K, and by uniqueness of L, we have L = L' . 

□ 



Chapter 6 

Background material on presheaf 
categories 

Here we review some of the basic and advanced concepts of functor categories that 
will be used in Chapters [7] and El For additional details, see |5l], [15], [51], [16] . 

6.1 Universal arrows, representable functors, and 
the Yoneda Lemma 

Definition 6.1.1. Let F : A B he a functor and B E B. A pair (A,/) where 
A E A and f : B ^ -^(^) is said to be a universal arrow from B to F when for every 
arrow /' : B F{A') there is a unique arrow g : A ^ A' m the category A such that 

B — Lf{A) 

■■^^'^ 

F{A') 

is a commutative diagram. 

Definition 6.1.2. A universal element of the functor F : A ^ Set is an object 
A E A and an element x G F{A) such that for any other pair A' E A and x' G F{A') 
there exists a unique f : A ^ A' that satisfies F{f){x) = x' . 



117 
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Definition 6.1.3. Let F : C ^ Set be a functor. The category El{F) of elements is 
given by the following data: 

(a) objects of El{F) are pairs (C, x) where x G FC and C G \C\. 

(b) morphisms / : {C,x) — )■ {D,y) are arrows / : C — )■ D in the category C such 
that Ff{x) = y. 

Definition 6.1.4. An object A & Ais said to be the representing object of a functor 
F : A ^ Set when there is a natural isomorphism 0: 

^(A, -) 4 F. 

When this occurs we said that F is a representable functor. There is a distinguished 
element of this isomorphism 0a (1a) ^ which is called the unit of the represen- 

tation. 

Theorem 6.1.5 (The Yoneda Lemma). Let F : A ^ Set be a functor, A & A. 
There exists a bisection 

^F,A-[A^et]{A{A,-),F)^F{A) 

which is natural in A and if A is a small category d is natural in F. 

Proof [B] □ 

Theorem 6.1.6. Let F : A ^ Set be a functor, F is representable iff it has a 
universal element. 

Proof P] □ 

6.2 Limits and colimits 

Let A and B be categories. For every object A ^ A the constant functor is 
defined to be : i3 ^ ^ with Aa(5) = A and Aa(/) = U when B -U B'. 
li A ^ A' is an arrow in A there is a natural transformation A{g) : A^ =^ A^i 
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defined {A{g)){B) — g. These functors and natural transformations define a functor 

Let F : J" — > ^ be a functor. The definition of hmits and cohmits can be 
characterized by objects that represent the following functors: 



and 



A{-,YimF) ^ [J,A]{/^-,F) : A°^ ^ Set 



^(colimF, -) ^ [J, A]{F, A-) : A Set. 



(12) 



(13) 



To see this, suppose we have v4.(— ,limF) — )■ [J", ^](A— , F). Then (piimFi^UmF) '■ 
^limF =^ F is a cone determined by the universal element. If A ^ F is another cone 
then 0^^(q;) : A limF is an arrow on the category A such that by naturality we 
have: 



^(limF,limF) 
A{A,\imF) - 



4>limF 



<I>A 



[J,A]iA\imF,F) 
^[J,A]{AA,F) 



which implies by evaluating at l^ij^^ that: 

</'amF(lamF) o A{(P^\a)) = (/.^((/'^'(a)) :AA^F. 



Graphically: 



AA: 



>F 




A(<Ai^(a)) 



4>limF0-limF) 



Therefore, evaluating at i E J: 



AlimF 

F{i) 

i'f>limF{'i-limF)){'i) 

limF 
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6.3 Dinatural transformations, ends, and co-ends 

Next, we recall the notion of dinatural transformation. The case which interests us 
the most is when one of the functors involved is a constant functor. 

Definition 6.3.1 (Dinatural transformation). Suppose we have two functors F,G : 
X A ^ B, & family of maps a : F — ^ G = {cka : F{A,A) G{A,A)}Ae\A\ 
is called a dinatural transformation when for every arrow f : A ^ B the following 
holds: 

F{A,A)^^G{A,A) 




F{B,A) 




G{A,B) 



F{B,B)—^G{B,B) 



Example 6.3.2. Let S : — > Set be a functor, and let B e |^|. There are two 
functors F,G : A°p x A ^ Set defined by F{A',A) = S{A') x A{B,A), and G = 
A{S{B)), the constant functor. Let us consider maps of type : S{A) x A{B, A) 
S{B) with XA{x,f) = S{f){x). Then A : F — )■ C is a dinatural transformation: for 
all f -.A' ^A, 



S{A) X A{B,A) 



lxA{B,f) 



Xa 



S{A) xAiB,A') 



SiB) 



S{A') xA{B,A') 



Definition 6.3.3 (Wedge). Given a functor F : A"^ x ^ — > B, a wedge is a dinatural 
transformation from a constant functor to F, 

A : A(F) F. 

Definition 6.3.4 (End). Given a functor F : A°^ x ^ — > B, an end is a wedge 

A : A(F) — ^ F 
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satisfying a universal property: if there is another wedge a : A (A) — F then there 
is a unique g : A E with g = o^a for every A E A. 

In an analogous way we define the notion of co-end. 

Example 6.3.5. In the example above we have that S{B) with component A is a co- 
end for the functor F. Given a dinatural transformation aA_ '■ S{A) x A{B, A) — > X 
there is a unique g : S{B) — )• X given by g{y) = Oisiy, 1_b) that satisfies the definition. 

From the uniqueness of the universal property we conclude that, up to isomor- 
phism, all the ends are equal. This justifies the following notation to indicate an end 
E with components A^: 

F{A,A) ^ F{A,A) 



A 

and in the same way the co-end: 

F{A,A)^ F{A,A). 

Theorem 6.3.6. Let a : F ^ G : x A ^ B be a natural transformation. Suppose 
also that there exists the ends induced by F and G: 

[ F{A,A) ^ F{A,A) and [ G{A, A) ^ G{A, A) (14) 

J A J A 

then there is a unique map <yA,A the category B such that: 

J^F{AA)^F{A,A) 

Ia°'a,a "A. a 

hG{A,A)^G{A,A) 

Proof. [51] □ 

Theorem 6.3.7. Let F : A x B"p x B ^ C be a functor such that for each A e |^| 
there exists an end 

[ F{A,B,B)^F{A,B,B). 
Jb,b 

Then there is a unique functor U : A ^ C with U{A) = f^F{A,B,B) making 
natural in A E \A\. 

Proof [51] □ 
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6.4 Indexed limits and colimits 

Definition 6.4.1. Let ^ be a small category and G : A ^ B he functors. We define 
a functor G : B"^ [A, Set] whose values on objects are functors 

G{B) = B{B,G-) : Set 

and whose value on a morphism B ^ B' is a natural transformation 

BU\G-) : B{B',G-) ^ B{B,G-). 

Let F : A ^ Set be a functor. Thus we have a composition of functors: 

4 [A, Set] '-'■'^^'-^ Set. 

Suppose now that this composition admits a representation: 

0:i5(-,C)-[ASet](F,G(-)). 

Definition 6.4.2 (Indexed limit). Let us denote G = {F,G}, so we have that 

S(S,{F,G}) = [A,Set]iF,BiB,G-)) 

natural in B with counit /i = 0{f,g}(1{f,g}) '■ F — > B{{F,G},G—) which has the 
property of being a universal element. Following Kelly's definition |16], we name this 
pair ({F, Gjj/i) the limit of G indexed by F. 

Thus e [^,Set](F,i3({F,G},G'-)) and if there is another A e 
[A,Set]{F,B{B',G-)) then there exists a unique {F,G} U B' in the category B°p 
such that {[A, Set](F, B{g, G—))){fi) = A which means that B{g, G— )o/i = A. 

Therefore, 

F(A) '^B{{F,G},GiA)). 

B{g,G(A)) 

B{B',G{A)) 
Thus, after evaluating at x G F{A) we obtain: 
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B' — ^ {F, G} 



G{A) 



There is a bijection: 



[A, Set]{F,B{B,G-)) ^ [El{F),B]{AB,G on p) 

natural in B, with the projection ttf : El{F) — ?■ A. 
By equation (fT2|) : 

B{B,\imGoTTF) = [EI{F),B]{AB,Go7Tf) 



we conclude that: 



Proposition 6.4.3. 



limGoTTp = {F,G} 



Proof. To see this bijection we have that every natural transformation a G 
[A, Set](F, B{B, G—)) and for every f : A ^ A' there is a diagram: 



F{A) 

F{f) 

F{A') 

which translates into a diagram: 



OA 



-B{B,G{A)) 

B(B,G{f)) 

■B{B,G{A')) 



OA (a) 




G{A) '^^IL^ G{A') 



for every a G F{A). 



□ 



CHAPTER 6. BACKGROUND MATERIAL ON PRESHEAF CATEGORIES 124 



Remark 6.4.4. When we choose F = Al 

B{B,limG) ^ [A,B]{AB,G) ^ [A,Set]{Al,B{B,G-)) 
we obtain by definition that 

hniG = {A1,G} 

Definition 6.4.5 (Indexed cohmit). In the same way as above by duality we define 
the colimit of G : A ^ B indexed by F : A°^ Set as the representing pair {F-kG, A) 
of the functor: 

[A°P,Set]{F,G{-)) -.B^Set 
where G : B ^ [A°^, Set] whose values on objects are functors 

G{B) = B{G-, B) : A°^ Set 

and whose value on a morphism 5 — )■ 5' is a natural transformation 

B{G-J):B{G-,B)^B{G-,B'). 

Therefore, we have that 

B{Fi.G,B) ^ [A°P,Set]{F,B{G-,B)) (15) 

and after evaluating the representation isomorphism on the identity with B = F -k G 
we obtain a unit \ : F B{G—, F -k G). 

Remark 6.4.6. With enough conditions, for example when B in cocomplete, there is 
a functor m-kG : [A°^, Set] — )• B. Also, from equation f lT5|l we conclude that m-kG is left 
adjoint of the functor i3(G-,«) : B [A"P,Set] where B{G-,»){B) = B{G-,B) : 
A°P Set. We write • * G H B{G-, •). 

The functor • -k G is the unique, up to isomorphism, colimit preserving functor 
such that the following diagram commutes: 

A^zz—^-^[^°^^^^^] 

In the next section we shall discuss this construction in more detail in the context of 
a coproduct preserving Yoneda embedding. 
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Proposition 6.4.7. If F : ^ Set and G : A ^ B then 

coUmGoTTpP ^Fi.G 

Proof. Analogously, there is a bijection: 

[^°^Set](F,i3(G-,5)) = [EZ(F)°^i5](Go7r°?,AS) 

natural in B, with projection vrp? : El^Py^ — )• A. 
From this since by equation fll3p : 

B(colimGo7r°f,B) ^ , i3](Go7r°?, Afi) 

we conclude that: 

coliniGoTr"? = 

□ 

Remark 6.4.8. Since all colimits may be expressed in terms of coproducts and 
coequalizers we have the following explicit formula: 

]lx&F{A)j:A'-,A G{A') ^ ]1a,x&f{A) ^i^) ^ F-kG 

where A is a coequalizer of the unique maps r and 6: 

G{A') ^G{A') G{A') ^ ^G{A) 

U...,.,,..4. ^('l'' IT U.,..,., G(A) U^^^,,,^,4, G(A')^ U.,...<.„ G(A) 

obtained by the coproduct definition. 

Now, suppose we take F = A{—, A) : A"^ — )■ Set, then for every B we have that: 

B{A{-, A) kG,B) = [^°^ Set](^(-, A), B{G-, B)) = B{G{A), B) 

by the Yoneda Lemma. Therefore A{—, A)'k G = G{A). In the same way we obtain 
that {A{A,-),G} ^ G{A). 
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Proposition 6.4.9. 

-A 

F{A)^G{A) ^Fi<G 

Proof. Let F : A ^ Set and G : A ^ B he functors and suppose now that the 
category B has copowerJl]. We denote hy X ® A = A G where X is a set and 
A G \B\. Then we have 

F{A) ® G{A), B) - X4 ^inA) ® B) - j^[F{A), B{G{A), B)] - 

[^°P,Set](F,i3(G(-),5)) 

by properties of ends, copowers, horn as end in the functor category. 
Thus, by definition this implies that 

"A 

F{A)(g)G{A) = Fi<G. 

□ 



In particular when G = Y : A ^ [A°^^ Set] we have that: 

-A 



F{A) ® A{-, A) = Fi.Y = F 
as we already have proved (Example I6.3.2p . 



6.5 Idempotent adjunctions 

F ^ 

Proposition 6.5.1. Let A B be an adjunction with unit 77 : 1^ ^ GF and 

G 

counit e : FG =^ 1b- Then (i) F is full and faithful if and only if (ii) t] is an 
isomorphism. When these conditions are satisfied, e*G and F *e are isomorphisms. 
Dually, G is full and faithful iff and only if e is an isomorphism. When this happens 
rj * G and F * t] are isomorphism as well. 



^If X is a set and B an object, the copower X x B is defined to be a coproduct of X copies of 
B, i.e., U.ex^- 
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Proof, (i)^(ii): We have that : B{FA, B) A{A, GB), where ^-\g) =630 F{g). 
Since F is full there is an / such that F{f) = Efa- Hence since F is faithful, 
F{f ° Va) = F{f)F{riA) = eFAF{riA) = Ifa = ^(U) implies f orjA = Ia has a 
left inverse. 

Therefore we have: (j)~^{riAof) = £fbO-^(^?ao/) = eFB°F{r]A)oF{f) = eFBoF{7]A)o 
€fb = ^FA o sfb = sfb ° F{Igfa) = 0"^(1gfa)- This implies that r]AO f = Iqfa is 
also a right inverse. 

(ii)^ (i): Consider the following isomorphism 

A{A,A') -^^^'^ A{A,GFA') ^ B{FA,FA'). 
When we evaluate ai g : A ^ A' we obtain that: 

(p-\A{A,r]A')ig)) = (p~\VA' o g)) = Bfa' o F{r]AO g) = EFA' o F{r]A) o F{g) = F{g) 
by definition of adjunction. Thus o A{A,r]A>) = F, is an isomorphism. 

□ 

6.6 Lambek's completion for small categories 

In this section, we review some material from [51] relevant to the following question: 
how to embed a small category as a full subcategory of a complete and cocomplete 
category in which the embedding preserves existing limits and colimits. 

Definition 6.6.1. Let G : A ^ B he a functor, A a small category. Recall the 
functor G defined in Definit ion 16 . 4 . 1 1 by G{B) = B{G{—),B) on objects and G{f) = 
B{G{—), f) on arrows. We say that G is left adequate for the category B if the functor 
G:B^ [A°P, Set] is fully faithful. 

Proposition 6.6.2. Suppose we have a functor G : A B, A a small category, B 
a co-complete category. If G is a left adequate functor then for every B E B there 
exists a small category X and a functor H : X A such that colimGH = B. 
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Proof. For every B & B let us consider F = B{G{—), B) : Set. Also consider 

the category EI{F)°p of elements of F, defined in Definition 16.1.31 We claim that 
H = n"P : El{FyP A, i.e., 



colim {El{FyP "-^ A^B)^B 
If {A',x') U then {A,x) A {A\x') with 




G{A) 

since x' = F{f°P){x). 

We define the following set of arrows G7i°P{A,x) B with P(^A,x) = X. Naturality 
follows from the previous diagram: 



Gn"P{A,x)^^AB{A',x') 



G'K°PiA,x)^^AB{A,x) 



for every {A',x') — ?■ {A,x). Now since B is co-complete we have that there exists 
a co-cone {C,U(a,x) '■ Gn"P{A,x) — t- C) such that cohmCvr^P = C. This implies, by 
definition of colimit, that there exists a unique p : C ^ B such that the following 
diagram commutes: 

Gn"P{A,x)^^ 

p 




Actually p is an epimorphism. If fp = gp with f : B ^ B' and g : B ^ B' 
then we have that fpu(^A,x) = gpu(A,x) for every g{A) A B. This implies fx = 
f l^(A,x) = g(^{A,x) = gx for every g{A) A- B. Now we use the fact that by hypothesis 
G is faithful. By definition we have G{f) = G{g) : B{G-,B) B{G~,B') since 
G{f){A){x) = fx = gx = G{g){A){x), which implies f = g. 
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Now we define : B{G{A),B) B{G{A),C) with a^(a;) = U(^a,x) for every 
A E A and g{A) A B. We check that a is a natural transformation: 



B{G{A'),B) 

B(G{f),B) 



B{G{A), B) B{G{A), C) 



B{G{A'),C) 

B(G(f),C) 



for every A ^ A'. 



B{G{f),C){aA'{x')) = B{G{f),C){u^A',.')) = u^A',.')G{f) = (*) 

UiA,.) = aA{x'G{f)) = aA{B{G{f),C){x')). 
This equality (*) is justified because m is a co-cone, i.e., for every {A, x) '-^ {A', x') 

G7r"P{A, x) ^""""^^""^ > Gn'^{A', x') 




since we have that 



G{A) ^ ^G{A') 



C 



The rest of the proof follows now from the fact that (7 is a full functor. Hence there 
exists a morphism h : B ^ C such that a = B{G~,b) : B{G—,B) — ?> B{G—,C). 
Therefore using this representation wc get that U(^a,x) = (^Ai^) = B{G{A),b){x) = bx 
for every {A,x) G E1(F)°^. Thus by definition of colimits we get that bpu^A,x) = bx = 
'>J-{A,x) every {A, x) G E1(F)°^ implies that bp = Ic- But p is an epimorphism, so we 
cancel to obtain pbp = pi = p and thus pb = 1^, which means it is an isomorphism. 
Therefore cohm G-k°p = (C, u^A,x)){A,x)eEi{F) ^ {B, /3(A,x))(A,x)eEi{F) ■ □ 

Corollary 6.6.3. For every F G [A"p, Set] 

F = colim{El{F)°P ^ 4 [A°^, Set]). 
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Proof. The Yoneda functor A — > [A"'^, Set] is left adequate since we have that: 

Y : [A°P, Set] ^ [A"P, Set] is defined Y{F) = [A°p, Set](F-, F) = F on objects and 
Y{a) = [A°P,Set]{Y-,F) ^ [A°P,Set]{Y-, F') = Id{a) on arrows by the Yoneda 
Lemma. □ 

Definition 6.6.4. A functor F : A ^ B reflects limits when for each functor G : 
Z ^ A with X small and given a cone {A, Ui : A G{i), if {F{A), F{ui))i^x is 

a limit of FG then (A, Ui)i^x is a limit of G. 

Proposition 6.6.5. Let F : A ^ B be a functor. F preserves colimits if and only if 
B{F—, B) : A"'^ — )■ Set preserves limits for every B E B. 

Proof. (^) Let us first observe that we have a composition of functors B{F—, B) = 
B{—,B) o F"f where F"^ : A°^ — t- B°^ preserves limits since F preserves colimits and 
B{—,B) : B"P — )■ Set preserves limits fT5\ . 

(<^=) Now consider the functor G : I ^ A with colimG = {A,Ui)i^x, Ui : G{i) — )■ A. 
Thus limG^P = {A,u°^)i^x°p where G"^ : I"^ — t- A°^. By hypothesis we know that 
B{F—,B) : A°^ —7- Set preserves limits, hence for every B E B the limit takes the 
form limi3(F-, B) o G"p = {B{F{A), B), B{F{uf), B))i^xop, so we have: 

jop j^ov J^op ggt] 

I ^ G{{) ^ F{G{i)) ^ B{F{G{i)), -), 
where Y{B') = B{B', -) : B ^ Set. 

Therefore for any B e B it may be verified that Y o F^p o G°p{~){B) : X°p Set has 
a limit by hypothesis, since Vi? G B: 

limYoF"PoG"Pi-)iB) = {B{F{A),B),B{F{u'^),B)),exop. 

Then, by proposition 2.15.1 of [15] we have Y o F°p o G°p : X°p -> Set] has a limit 
being compute pointwise. Which means we have: 

limF o F°P o = -), S(F«^), 

But y is a full and faithful functor, it reflects limits (see proposition 2.9.9 which 
implies that (see definition 2.9.6 [15]) since (Y{F{A)),Y{{F{u°^))i^x'>p is the limit of 

Y oF°Po G°P then {F{A), F{u°^))i^x''p is the limit of F°p o G°p in B°p. Equivalently, 
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in view of this we are saying that {F{A), F{ui))i^x is the cohmit of F o G in B. 
Summarizing, we started with cohmG = {A,Ui)i(zx and we end with cohmFG = 
{FA, Fui)i^x, i-e., F preserves cohmits. □ 

Proposition 6.6.6. Let F : A ^ B be a functor. F preserves coproducts if and only 
if B{F—, B) : — > Set preserves products for every B & B. 

Proposition 6.6.7. Let F : A ^ B be a functor. F preserves limits if and only if 
B{B, F—) : A — )■ Set preserves limits for every B & B. 

Let F : ^ — 7- C be a fully faithful functor. Consider the full subcategories B of C 
such that \F{A)\ C \B\ C \C\ and define: 

a^bHc 

with F = jtsFis, Fb{A) = F{A), Fsif) = F{f) and j the inclusion functor. Define Bq 
a full subcategory of C in the following way: 

\Bo\ = {B e \C\ : C(F(-),S) : A^^ Set preserves limits}. 

Remark 6.6.8. IfF:^^Cisa fully faithful functor then C \Bo\. To see 

this we have that C{F—,F{A)) = A{~,A) are naturally isomorphic which implies 
that C{F—,F{A)) preserves limits. 

Proposition 6.6.9. Let F : A ^ C be a fully faithful functor. Then: 
(o-) if 3bFb preserves colimits then B C Bq 

(b) let J be a small category, and consider the following composition of functors: 

J^B,'^C 

if Hmjg„A = {C,Vj) then C E \Bo\. 

Proof, (a) Take B G \B\, since JbFb preserves colimits then by Proposition 16.6.51 
C{ji3{Fis{—)), B) = C{F{—),B) preserves limits, which by definition means that B E 



CHAPTER 6. BACKGROUND MATERIAL ON PRESHEAF CATEGORIES 132 



(b) We are going to prove that \B'\ = \Bo\ U {C} also satisfies property of part (a) 
above. Tliis implies that B' C Bq i.e., C e \Bo\. We have that 

a^4b''4c 

r u ■ 

and we want to show that if X — >■ ^ with colim F = {A, u), with r{i) A, i el then 

colimFsT = {Fb'{A), Fsiui))iex = {F{A), F{ui))iex. 

Let t : Fg/F =^ C be a co-cone. Without loss of generality, we assume that FB'{T{i)) ^ 
C for every i e T. If there exists a io with FB'{T{io)) — C then since C \B\ 

this implies that C G 

We fix an object j G IJ^I- Therefore since i is a co-cone we consider the following 
CO- cone: 

f(f(^))4c4a(j). 

These arrows are contained in the category B because F(T{i)) and A(_7) are object 
of B. We know by part (a) that Fg^ has the property of preserving cohmits: 

colimFBoF = {FbM). FB,{ui))iex = {F{A), F{ui))iei. 
For that reason there exists a unique xj : F{A) A{j) such that 

F{T{i))— — 

F{ui) fj 

F{A)^^A{j) 

for every i e |X| . We will show that Xj is a cone in order to use the universal property 
of the hmit. Let f : j ^ j' be an arrow in J. We want to prove that A{f)xj — x'j. 
This follows from the fact that Xj is defined using cohmFg^F. We must check that 
Vjti — A{f)xjF{ui) for every i e Then by uniqueness of the colimit definition we 
get that A{f)xj = x'j. 

But we know by definition of Xj that: XjF{ui) = Vjti for every i E then composing 
with A(/) we obtain A{f)xjF{ui) = A(f)vjti for every i G |X|. Therefore, it will be 
enough to prove that A{f)vj = v'j, but this follows from the naturahty of the cone 
A. 
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We have proved that F{A) ^ A is a cone in Bq. Then by definition of hniA = (C, v) 
there exists a unique y : F{A) — )■ C such that: 



We therefore put all the equations together: Vjti = XjF{ui) = VjyF{ui) for every 
j G \J'\. Thus since this is true for every j G \J'\, by definition of limit we have that 
ti = yF{ui). 

So now suppose there exists another y' satisfying the same property as above: ti = 
y'F{ui). We want to prove that y = y'. It will be enough to prove that: v{j)y' = Xj 
for every j G \J'\. For that purpose, we know by hypothesis that ti = y'F{ui) for 
every i & I. Then by composing we get v{j)y'F{ui) = v{j)ti for every i & I, and 
since Vjti = XjF{ui) we replace it: Vjy'F{ui) = XjF{ui) for every z G X. This implies 
by uniqueness of the colimit that Vjy' = Xj. 

We proved that colimFe/F = F0/(-Ui))jgj where \B'\ = \Bo\ U {C}, i.e., for an 

arbitrary co-cone in B', {F{A), F{ui))i^x is still a limit co-cone and this implication 
is the the property that characterizes the set |So|. □ 

Corollary 6.6.10. Let F : A ^ C be a fully faithful functor such that for every C & C 
there exists a functor G : I ^ A with limFG = C. Then F preserves colimits. 

Proof. We consider Bq as above. Since lim FG = G for some G, then by part (b) of 
the Proposition 16.6.91 above we have that G & Bq, therefore F = Fq^ and it preserves 
colimits by Proposition 16.6.51 □ 

Remark 6.6.11. To prove that Y : A ^ [^°^, Set] preserves limits is equivalent to 
proving that : A°^ — > [A°^^ Set]"^ preserves colimits and since by Corollary 16.6.31 



F{A) 



y 



G 




F = colim {El{FyP ^ ^ 4 [^°^ Set]) 



for every F G [^°^, Set] this implies that: 



F = lim {El{F) 4 A""" U [^°^ Set]°*') 
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for every F G [A°^, Set]°^. But we know by the Corollary 16.6.101 above that this 
implies that — > [^"^, Set]"^ preserves colimits. 

Definition 6.6.12. Let Set]j„j C Set] be the full subcategory of limit pre- 
serving functors. Since the representable functors A{—,A) : — )■ Set preserve 
limits, we can define a functor A ^ i^"^, Set]j„j by co-restriction induced by the 
Yoneda embedding. 

Remark 6.6.13. Let ^ be a small category. The functor A [A°^, Set]j„j is left 

adequate since the induced functor [A, Set]j„/ [A"''', Set] is fully faithful. To see 
this, we check that we have on objects: 

y,„/(F) = [A"P,SetUf{Y,^f-,F) = [^°^ Set](r_, F) = F 

since is a full subcategory and Yinf — = Y— G [A°'^, Set]^/. Thus we have that 

[^°^Set],„;(F,G') = [^°^Set](F,G') ^ [^°^ Set](y;„;(F), 

which means that Yinf is fully faithful, i.e., Yinf left adequate. Therefore, using the 
same argument we get that A ^ [A"^, Set]j„j preserves limits. 

Proposition 6.6.14. Let B be a full subcategory of C such that for every C & C 
there exists functor G : X ^ B with colimj^G = C . If B is a co-complete category 
then B is a left reflective subcategory ofC. Conversely, suppose B is a left reflective 
subcategory ofC. If C is co-complete then B is co-complete. 

3 R 

Proof. We want to prove that the inclusion functor B C has a left adjoint C B. It 
is enough to prove that for every C G C there is an object R{C) G i3, a map C ^ R{C) 
such that for every f : C ^ B' with B' E B there is a unique g : R{C) B' such 
that the following diagram commutes: 
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Let us consider C G C. By hypothesis we have that there exists a functor G : I ^ B 
with cohmj^G = C. But since i3 is a co-complete category then there is an object 
B & B and a co-cone {G{i) ^ -Bjie/ with cohmG = {B,u). 

We define R{C) — B, and since {jG{i) — G{i) ^ B}i^i is a co-cone of jG in the 
category C therefore there exists a unique C ^ R{C), such that: 




B = R{C) 

commutes for every i & I. Now suppose we have a map f : C ^ B' with B' & B. 
Then since G{i) is an object of B for every i e T and {vi}i^x is a co-cone in C this 
imphes that {jG{i) — G{i) ^ C A- B'}i^i is a co-cone in the category B. Therefore 
by definition of cohmG = {B,u) there is a unique g : R{C) B', g e B with 
fvi — gui for every i & I. Hence fvi — gui — grjcVi for every i e X, and this imphes 
by definition (uniqueness) of cohmit that / = grjc- 

If there is a morphism g : R{C) B' such that / = grjc then by composing with 
Vi we get fvi = grjcVi for every i & I which means that fvi = gUi for every i & I 
therefore g = g. If C — > C" a morphism in C then R{f) is defined as the unique arrow 
such that: 



C ^2 — ^R{C) 



f 



R(f) 



C' ^2^i?(c") 

commutes. By uniqueness we obtain that i? is a functor and naturahty of Id ^ j o R 
follows from the diagram. 

Conversely, let G : X — > B be a functor. Since C is co-complete there exists cohmjG = 
(C, v) with j : B ^ C the inclusion functor and G{i) C. By hypothesis we 
know that it! is a refiection of j, which means B{R{A),B) = C{A,j{B)) for every 
A e C, and B e B. When A e B then since B is a, full subcategory we have that 
B{R{A),B) ^ B{A,B) for every B e B. By the Yoneda Lemma this implies that 
R{A) = A. On the other hand R preserves colimits because is a left adjoint. Thus 
G{i) ^ R{G{t)) = R]G{i) ^4'^ R{C) is a colimit of G with R{C) e B. □ 
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Remark 6.6.15. Notice that, from the proof above, cohmits in B are induced by the 
reflection, i.e., if G : X — > i3 is a functor with X small then: 

colimg G = i?(colimc j o G). 

Remark 6.6.16. For every F E [^°^, Set] there exists a functor X — )■ [A"^,Set]inf 
such that colimjG = F: 

F = colim {El{FyP A ^-^ [A"P, Set],nf 4 [A°p, Set]). 

Proposition 6.6.17. Let A be a small category. Then [A,Set]inf is a reflective 
subcategory of [A, Set] . 

Proof. H?]. □ 

Remark 6.6.18. This implies that [^4, Set]j„j is a co-complete category. 

Proposition 6.6.19. Let A [A°^ .,Set\inf be the restricted Yoneda embedding from 
Definition \6. 6.1^ above. Then Yinj is a full and faithful, limit and colimit preserving 
functor such that for every F G [A°^, Set]^/ there exists a functor G : X ^ A with 
limYinfG = F. Moreover, [A°^, Set]^/ is a complete and co-complete category. 

Proof. First, [A°^. Set],v,/ is a co-complete category by Remark l6.6.18l above. In view 
of the Remark Em above A ^ [A"p, Set]i„ / preserves limits. 
Using Proposition 16.6.51 

A [A°^, Set]j„j preserves co-limits if and only if 
Set],„/(y,„j-, F) : A°P -> Set preserves limits for all F G Set]i„j. 

But by the Yoneda Lemma we have that 

[^°^ Set],„^(F„,^-, F) = [A°^, Set](r_, F) ^ F 

which is the condition that defines the subcategory. Notice that we used the fact that 
[A"^, Set] in/ is a full subcategory. 

Now, in view of Proposition 16.6.9"! consider the fully faithful functor F : A ^ with 
F = Y,Bq= [A°p, Set]i„j and C = [A"p, Set]. By part (b) when there is a functor 
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since [^°^, Set] is a complete category then lim jg^ A = (C, Vj) exists. But this imphes 
that C & \Bo\ which means that Bq = [A°^, Set]j„j is complete. 
To see why Bq = [A°^, Set]j„j, consider B = [A°^, Set]j„j and Jb-F^ = Y with Fq = 
Yinf. Since it preserves colimits then B C Bq. On the other hand if B E Bq such 
that Ybq : a ^ Bq preserves colimits then by Proposition 16.6.51 this implies that: 
Bo(Ybo-,B) : A"P -)■ Set preserves limits. But 

Bo{Yb,-,B) = [A"^,Set]{Y-,B) = B. 

Thus it means that B preserves limits, i.e., B G [A"'', Set]j„j. 

It remains to show that if F G [A°^, Set]inf then there exists a functor G : I ^ A 
with limYinfG = F. For this, it is enough to prove that Y^nf is left adequate, which 
was done on Remark [6.6. 131 □ 

Remark 6.6.20. This amounts to proving that for every F G [A°^, Set] there is an 
object R{F) G [A"^ , Sei\inf , a co-cone YinfUp =^ AR(F), and a co-cone jYinfixp =^ 
AF such that colimyj„j7r^ = {R{F),u) and colim jyj„j7r^ = {F,v). Therefore there 
is a unique F ^ R{F) such that 




jYinfnF{A,a) = Yinf'7iF{A,a) = A{-,A) 



commutes for every i G X. 

To conclude this section, we briefly comment on the reflective adjoint pair i\- R 
of Proposition 16.6.171 Since [.4,°^, Set]i„/ is a co-complete category, all small colimits 
exists and we are in a position to consider co-powers A ®inf B where A G Set and 
B G [A°^, Set]j„j. On the other hand, co-powers in the category [A°^, Set]j„j are 
induced by copowers in [v4°^. Set] using the reflection above: 

A®infB = R{A®i{B)). 

Therefore, since R preserves coends we have that we can express R{F) = F-k Yinf 
as an indexed colimit where the definition of the operation ic, taken from [46] (see 
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Definition I6.4.5P is given by the next first equation: 

PX PX 

F^Y,r,f= F{x)®,ntYinf{x) = R{F{x)®A{-,x))=R{l F{x)®A{-,x))=R{F) 



Notice that we are using the fact that every representable functor is included in 
the category [A°^ ,Set\inf. Thus, in terms of left Kan extension (see Section [6T7|l or 
indexed colimits we have the following diagram: 

^ [A°P, Set] 




[^°^Set],„; 



where Fm/ = R = — -k Y^f = LanyiYinf) since 

/A pA 
[A°^, Set](y (A), F) ®,nf Y,nf{A) = j F{A) Y.^M) 



and Yinf = i the inclusion functor since 



f,„^(F) = [^°f,Set](y(-),F)-F. 



6.7 Kan extensions 

This section provides a brief overview of the left Kan extension. A large portion of 
Chapter [7] depends on this central notion. To mention two examples: the definition 
of a left adjoint of a certain functor and the monoidal enrichment of the functor 
category. 

Definition 6.7.1. Let F : A ^ B and G : A ^ C he two functors. The left Kan 
extension of the functor G along F, if it exists, is a functor K : B C together with 
a natural transformation a : G ^ KF satisfying the following universal property: 
if H : B ^ C and fi : G ^ HF then there is a unique natural transformation 
'y : K ^ H satisfying {'-/ * F) o a = f3. 
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Notation: Wc denote the functor K by Lanp{G). 

Let F : A ^ B, and consider the functor between functor categories 

[B,C]^[A,C] (16) 

defined by precomposition with F, i.e., F*{G) — G o F ior any functor G : B ^ C. 

Corollary 6.7.2. If LanF{G) exists for all G, then Lanp H F* . 

Proof. The definition above turns out to be the following: for every /3 : G F*{K) 
there exists a unique 7 : Lanp{G) — > H such that: 

G 

a 

F*{LanF{G))-^^ ^F*{H) 

which means that: 

[B,C]{LanF{G),H] ^ [A, C]{G , F* {H)) 
with unit a — rja G ^ F*{LanF{G)). 

□ 

Proposition 6.7.3. If A is a small category and C is co-complete then the left Kan 
extension of G along F exists. 

Remcirk 6.7.4. We can also formulate the left Kan extension as a coend. If Va, a' & A 
and h & B the copowers B{F{a'), h) x G{a) exist in C; and the following coend exists 
V6 e H then: 

LanF{G){h) = J B{F{a),b) x G{a). 

Notation: For the sake of brevity we sometimes write Larip instead of Lanpop 
when the extension is along the opposite functor F"^ : A^ — > B°^ . 

Remark 6.7.5. Notice that for a functor $ : ^ ^ B we can express the adjunction 

Lan^ H $* as a left Kan extension of F o $ : ^ ^ \B"'\ Set] along Y -.B^ [B°p, Set] 
in the following way: for some F : A"^ Set we have 
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LanyiY o $)(F) = (/"[^°PSet](F(a), -) x Y o $(a))(F) = 
f[A°PSet]{Y{a), F) x Y o $(a) ^ f F{a) x B{-, <l>(a)) = Lan$op(F) 

and also for some G : — )■ Set: 



6.8 Day's closed monoidal convolution 

A symmetric monoidal category can be fully and faithfully embedded in a symmetric 
monoidal closed category in such a way that the tensor is preserved. This construction 
is a particular instance of a more general notion called promonoidal categories defined 
by Day \TE\. In fact there is a correspondence between promonoidal categories and 
biclosed monoidal structures defined on the functor categories. 

Proposition 6.8.1. Let A be a symmetric monoidal category. Then [A"^, Set] can be 
equipped with a symmetric monoidal structure (called the Day tensor il8]), such that 
the Yoneda embedding Y : A ^ [A°^, Set] is a strong monoidal functor. Moreover, 
[A°^, Set] is monoidal closed. 

Proof, (sketch) 

We consider the monoidal closed case on functor categories 



This structure is obtained by using the Kan extension to closed functor categories: 



[B°P, Set](F($(-)), G) = G($(-)) = 



([^°^Set],®z),/D, 



Ax A 



YxY 



[A^P, Set] X [A^P, Set] 



A 



Y 



[A"f, Set] 



In more detail the following data is obtained: 



• - ®D - : [A°P, Set] X [A°P, Set] ^ [A°p, Set] is defined by 




This operation is also called the convolution of S and T. 
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Id = A{-,I) 

I : Id ®£,T T is given by: 

rinix) X {pT{a)xA{-,x®a)) = /z)(x) x ^(-, x ® a)) x T(a) ^^""^ 

rA{-,a) X T{a)^T 

where A* : A{x, I) x A{-, x (g) a)) = A{-, / ® a) ^^^^^ A{-, a) 

r : T Id ^ T: analogous. 

a: {R(g)DS)(g)DT ^ R^D {S (g)D T) 
{R ®D S)®dT = 

fif R{a) X (/' S{b) X A{x, a ® 6)) X {f T{c) x ^(-, x ® c))) 

^o(/lx/lx/(lxa))o^ 

i?(a) X X r(c) X ^(x, 6 ® c))) X ^(-, a ® x)) = i? ®d (5 ®d T) 

c : 5 T ^ T ®B 5 is 

/•a nb pb pa 

S^dT= / S{a)x{ T{b)xAi-,a^b)) ^ / T{b)x{ S{a)xA{-,a®b)) 



Jixo^ixa) s{a)xA{-,b®a)) = T®DS 



the internal horn is: 

[^,r]^- /[S(6),T(-®6)] 



□ 

For more details on this construction we refer the reader to [18]. 

6.9 The reflective subcategory [C,.4]r 

In this section we give a brief overview the methodology of Freyd and Kelly pi] in 
order to build reflections in a more general way using the notion of orthogonality. In 
particular, we are interested in some full subcategories of presheaves. This construc- 
tion generalizes Lambek's presentation in Section 16.61 by regarding the condition of 
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preserving limits as a special case of the continuity of functors over a certain class of 
cylinders. 

Given an object A E A, we define a preorder among the class of monomorphisms 
with codomain A: ii f : B ^ A, g : C ^ A are two monomorphisms / is said to be 
smaller than g {f < g) when / factors through g i.e., f — gk for some k : B ^ C. 
Note that k is unique and also a monomorphism. 

We have an equivalence relation f = g iS f < g and g < f. 

Definition 6.9.1. A subobject of A is an equivalence class of these monomorphisms. 

The class of subobjects is partially ordered by the order induced by the represen- 
tatives. 

Definition 6.9.2. We say that a category A is well-powered when for every A e A 
the class of subobjects of A is a set. 

The dual notions applied to epimorphisms are called quotient for an equivalence 
class of epimorphisms, and co-well-powered. 

Definition 6.9.3. Let A be an object. The intersection of a family of subobjects 
of A, if it exists, is the greatest lower bound defined in the partially ordered class 
of subobjects of A. Analogously, by the union we mean the least upper bound, if it 
exists. 

Concretely, we mean the following: if {Ai A}i^i are subobjects of A then there 
exists an arrow Hi^jAi A satisfying the following properties: 

- / < /i E I, i.e., for every i E I there exists an arrow flig/Aj A- A^ such that 

fi°U = f. 

- if there exists a p such that p < fi & I then p < f, i.e., if there are maps 
B A and B ^ A^ with the property fiO p^ — p ^ I then there exists a 
unique h : B ^ Hi^jAi such that p — f oh. 

Definition 6.9.4. An infinite limit cardinal a is regular when it is equal to its 

cofinality: cf(tt) = a. Here cf(a) is the least limit ordinal (5 such that there exists an 
increasing sequence {an}n<i3 with lim^_j.^ = a. 
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The fact that a is regular means cannot be written as a sum of a lesser number 
of cardinals less than a. 

Definition 6.9.5. Let a be a regular cardinal. An ordered set J is a-directed when 
for every subset I ^ J with |/| < a there exists an upper bound in J. 

Definition 6.9.6. Let S — {/^ : Q — > S} be a family of subobjects of B with 
the monotonic property: < whenever ^ < C- The family S is called a-directed 
provided that the set J is a-directed. 

Definition 6.9.7. We say that an object A E A is hounded by a regular cardinal 
a when for every morphism from ^4 to a a-directed union U^gjC^ factors through a 
union U^^kC^ for some K C J with < a. We call A bounded if each A & A is 
bounded. 

Definition 6.9.8. Let E,M O Mor(^) be two classes of morpliisms. A factorization 
system {E, M) on a category A consists of the following data: 

- Isos(^) C £■ n M, isomorphisms belong to the intersection of the two classes 

- E and M are closed under composition 

- for every morphism / there is a factorization f — moe with e & E and m & M 

- for every / and gifm'oe'of — gomoe with e,e' & E and m,m' & M then 
there exists a unique w making the whole diagram 

e m 

• >■ • 3" • 



I 

W I 

Y 

• 5" • 



e m 



commutative. A factorization system {E, M) is called a proper factorization 
when E C Epis(^), M C Monos(.A) where Epis(^) is the class of all epimor- 
phisms of A and Monos(v4.) is the class of all monomorphisms of A. 
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Definition 6.9.9. An epimorphism p is called extremal provided that whenever we 
have p = mo where m is a monomorphism then m is also an isomorphism. Dually 
we define the notion of extremal monomorphism. Epi* denotes the class of extremal 
epimorphism and Mon* the class of extremal monomorphism. 

Proposition 6.9.10. If one of these two conditions below are satisfied 

- the category A is finitely complete and has arbitrary intersections of monomor- 
phisms 

- the category A is finitely co-complete and has arbitrary co-intersections of ex- 
tremal epimorphisms 

then (Epi*, Mon) is a proper factorization system. 

Proof. 121] □ 

In the case of the category of sets a direct calculation shows that Epi* = Epi and 
Mon* = Mon since we have: if p G Epi with p = mo g then a o m = b o m implies 
aomog = bomog which isaop = bop and this a = b. 

Definition 6.9.11. Given factorization system {E,M) a generator of the category 
^ is a small full subcategory Q such that for each A & A, UG&gA{G, A) C E. 

When a factorization system {E, M) is proper and Q a generator then given any 
pair of morphisms f,g:A^B then for every p : G ^ A with G G ^ we have that 
f op = gop =^ f = g. 

If A has coproducts then ^ is a generator if and only if for every A E A the map: 

Geg A{G,A) 

is in E; where is defined by the universal property of the coproduct, i.e., k^oiQj = 
f : G ^ A and icj '■ G — )■ IJGGg(lIyt(G A)) coproduct injection. 

Definition 6.9.12. Let P, Q : IC ^ C he functors with /C a small category. A cylinder 
in C is just a natural transformation a : P ^ Q. 
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Definition 6.9.13. A functor T : C ^ A is continuous with respect to the cyhnder 
a when: 

- there exists hm TP and hm TQ as cones in A. 

- the unique morphism limTa : lim TP limTQ determined by the definition 
of limit (limTQ, tt^): 

TPK — > TQK 

hm rp--'--"->hmTg 

is an isomorphism. 

Renicirk 6.9.14. In the case when P — AC is a constant functor, C e C, then a is 
just a cone in the usual sense and continuity is the standard definition of continuity 
of functors. 

Definition 6.9.15. Let F be a class of cylinders in the category C. Then [C, ^]r is the 
full subcategory of [C, A] of functors T that are continuous w.r.t. each (P, Q, a) e F. 

Definition 6.9.16. Consider an arrow f : A ^ B and an object C E A. We say 
that / is orthogonal to C, and we write C _L /, if for every morphism y : A ^ C 
there exists a unique x : B ^ C such that x o f = y. 

This definition is basically the definition of a bijective function since is equivalent 
to the fact that the representables A{B, C) "^i^^ A{A^ C) are isos in the category of 
sets. 

Dually we consider f -L C. 

Definition 6.9.17. Given a class A of morphisms in a category A, let us consider the 
full subcategory of A defined by the following object: A-*- = {B E A : B ± f,\/f G 
A}. 

Definition 6.9.18. Let us consider X e Set, where A E A. The tensor product 
X ^ A e Ais the co-power, i.e., the coproduct of |X| copies of the object A in the 
category A characterized by the following natural isomorphism: 

A{X (^A,B)^ Set{X, A{A, B)). 
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Now, to each cylinder a : P ^ Q : K, ^ C we associate an arrow a : Q ^ P in 
the presheaf category [C, A] in the following way. 

First we consider the functor P : /C°^ [C, Set] defined by: 

thus P{K) = C{P{K), -), and C(/, -) if E JC^. 

Then, we take P — colimP the pointwise colimit in the category [C, Set], i.e., 
P e [C,Set]. 

In the same way, at the level of arrows we get: 

dK = C{aK, -) ■ CiQK, -) C{PK, -) 

and then we obtain: 

Q{K) ^i^^P(X) 

Q ^P 

by definition of colimit (Q, t^'k)-, since tt^ o is natural in K. So, a is given as the 
unique arrow in [C, Set] making the previous diagram commute. Now we consider 
the class of morphisms A C [C, ^] depending on a choice of a class of cylinders F: 

= {a® A:Q® P ® A, with A^A, a G F} 

where Q ® A : C ^ A and a. ® A are defined using the pointwise co-power as 
{Q®A){C)^Q{C)®A. 

Proposition 6.9.19. Let A be a complete and co-complete category and let F be a 
class of cylinders in the small category C. Then [C, A]r — A-*-. 

Proof. Since both categories are full it is enough to check that they contain the same 
objects. We want to prove that T G A"*- if and only if T G [C, A]r- 

By definition of the orthogonal class, T G A^ if and only if for every a A G A 
we have that [C, A]{a ® A, T) is a bijective map, i.e., for every ii : Q ® A ^ T there 
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exists a unique u such that, 



Q®A 




P^A 

But since when A{F{X),B) = Set{X, G{B)) is natural with F : Set ^ A, F{X) = 
X ^AandG -.A^ Set, G{B) = A{A, B). Then we have that: 



> Set(X, G{B)) 

Set(/,G(ff)) 

Set{X',G{B')) 



A{F{X),B)- 

A{F{f),g) 
A{F{X'),B') 



with X' 4 X and 5 4 B'. 

This implies that G{g)o(j)x,B{x)° f = 4>x',B'{g°xoF{f)) for every x : F{X) B. 
Therefore choosing g = l,x = u,X = P,X' = Q, f = a, B = T wc have that since 
i'oF{a) = fj, then 0x',B'(i^oi^(<5)) = 0x',b'(a*) ^-nd then G'(l)o0^^^(zy)o(5 = 4>x' ,b'{.Ij)- 

Using the natural isomorphism let us call v' = • P ~^ v4.(A, T— ) where 

z/ : F(P) ^ T and = (j)x',B'{fi) ■ Q ^ >1(^,T-) where : F(g) ^ T. So this 
turns out to be i/' o a = /x. 




Then by definition of Q — colimQ with injection QK A- Q and P — colimP with 
injection PK 4 P we define /i" and i/" by the following compositions: /i" — jjt! o 

■Q I 

where C{QK, -) = QK ^ Q A{A,T-) and u" ^ v' o where C{PK, -) = 



^(/1,T— ). Therefore we have 




^A{A,T- 
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Let us call F — A{A, T—), then by naturality of the Yoneda Lemma with respect to 
ax we have that: 

Op 



[CSetmPK, -),F) 

[C,Set]{C{aK-),F) 



■ F{PK) 



F{aK) 

[C, Set] {C{QK, -) , F) F{QK) 

Thus if we evaluate u : C{PK, —) ^ F we obtain: 

eQ{u oC{aK,-)) = F{aK){ep{u)) 
and since F — A{A, T—) then we get 

Oqiv o CiaK, -)) = T{aK) o ^p(i/) 
Therefore since /i" — u" o C{aK, — ) we have by choosing u = v"\ 

0QilJ,")^TiaK)o0piiy") 

where G F{QK) = A{A,TQK), Oq^h") : A TQK and e F{PK) = 

AiA,TPK), dp{u") : A TPK. 

So by naturality of K and the definition of limit we obtain the following diagram: 



limTQ 




lim Ta 



lim TP 

Thus the condition of T e [C,^]r (continuity) is by definition that hm To; is an 
isomorphism and T e A"*- (orthogonality) iff [C, A]{a (g) A, T) is an isomorphism. □ 

Theorem 6.9.20. Let A he a complete and co-complete category with a given proper 
factorization system {E, M) . Let A he hounded and co-well-powered. Let us consider 
the class A = $ U ^' where $ is small and where ^ Q E. Then A-*- is a reflective 
subcategory of A. 
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Proof. [21] □ 

Theorem 6.9.21. Let A be a complete and co-complete category with a given proper 
factorization system {E, Af). Let A be bounded with a generator, and co-well-powered. 
Let r be a class of cylinders in the small category C, and let all but a set of these 
cylinders be cones. Then [C,A]r is a reflective subcategory of[C,A]. 

Proof [21] □ 



6.10 Day's reflection theorem 

Let B he a symmetric monoidal closed category. Day's so-called reflection theo- 
rem [12] can be used to derive a monoidal closed structure in a reflective subcategory 
of Set]. In Chapter [TJ we shall utilize this to determine a strong monoidal 
functor which, in turns, determines a monoidal adjunction. Here, we review Day's 
reflection theorem. 

Definition 6.10.1. A class of objects A C \B\ is strongly generating when B{1, f) : 
B{A, B) — 7- B{A, B') is an isomorphism for every A E A implies that f : B ^ B' is 
an isomorphism in B. 

Dually we deflne the notion of strongly cogenerating class of object by considering 
the maps B{f, 1). 

Example 6.10.2. The class A C [B°p, Set], where A = {B{-,B) : B e \B\} are 
representables, is strongly generating. To see this we must prove that if {I, a) : 
[B''P,Set]{B{-,B),F) [B"P,Set]{B{-, B),G) is an isomorphism for every B e B, 
where (l,a) = [B°P,Sei\{B{—, B),a) acts on natural transformations as (l,a;)(/3) = 
a o /3, then a : F ^ G is an isomorphism. To prove this, consider the following 
diagram: 



[B"P,Set]{B{-,B),F) 
F{B) 



as 



[B°P,Set]{B{-,B),G) 
-G{B) 
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where (^^^ : F{B) [B''P,Set]{B{-, B), F) is defined <?)/(x) : B{-,B) ^ F as 
{(j)-\x))c{9) = F{g){x) and 0g : [B''P,Set]{B{-, B),G) G{B) is defined as 

= Pb(Ib)- 
Therefore, we have 

o0-i)(a;) = 0G((l,a)((0^'(a;)))) = 
= 0G(tt o = (a o = as o (0^^(a;))ij(lB) = 

which means 0g ° (1; o;) o = as- 

Theorem 6.10.3. (Day's reflection theorem) Let 0, /, [— ]) be a symmetric 

F 

monoidal closed category, and let B -L C be an adjunction from B to C, where 

G 

G is full and faithful. Let A^\B\ be a strongly generating class in B and "D C |C| he 
a strongly cogenerating class in C. Then the following are equivalent: 

(0) there exists a monoidal closed structure on C for which F is a monoidal strong 
functor. 

(a) Tj : [B, GO] GF[B, GC], is an isomorphism for allC eC, B e B. 

(b) T] : [A, GD] GF[A, GD], is an isomorphism for all A e A, D e V. 

(c) [77, 1] : [GFB, GC] [B, GC], is an isomorphism for allC eC, Be B. 

(d) F{r] ® 1) : F{B ® B') F{GFB ® B'), is an isomorphism for all B, B' e B. 

(e) F{r]®l) : F{B(S>A) F{GFB®A), is an isomorphism for all A e A, B e B. 

(f) F{r]®r]) : F{B®B') F{GFB®GFB'), is an isomorphism for all B , B' e B. 
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Proof, (a) =^ (6) Since AQBandVCC. 
(b) ^ (e) 



C{F{GFB ® A), D) ^^""^^^'^'"^ ^C{F{B ®A),D) 



adjunction 

B{GFB ® A, GD) 



BiGFB, [A,GD]) 



(4) 



(3) 



eidj unction 

B{B (g) A, GD) 



B{B, [A,GD]) 



T} iso by hypothesis 



B{GFB, GF[A, GD]) 



(2) 



t] iso by hypothesis 



■B{B,GF[A,GD]) 



G fully faithful 

CiFB,F[A,GD]) 



(1) 



adjunction 



(1) commutes since we have 9{f) = G{f) orjB = {B{r], 1) o G'fb,f[a,G£>])(/) 



B{B,GF[A,GD]) 



B{GFB,GF[A,GD]) 



C{FB,F[A,GD]) 

(2) by functoriality; (3) and (4) by naturaUty. The vertical and bottom arrows are 
isos then the top is an isomorphism. Hence since D C C is strongly cogenerating we 
have that F[r] ® 1) : F{B ® A) ^ F{GFB ® A) is an isomorphism for every A & A 
and B eB. 

(e) ^ (c) 

C{F{GFB ^A),C) ^^^^"^^^'^^ ^C{F{B ^A),C) 



adjunction 

B{GFB ® A, GC) 



B{A, [GFB,GC]) 



(2) 



(1) 



adjunction 

■B{B(^A,GC) 



■B{A, [B,GC]) 



CHAPTER 6. BACKGROUND MATERIAL ON PRESHEAF CATEGORIES 152 



(1) and (2) commute by naturality. The top arrow is an isomorphism by 
hypothesis, also the vertical arrows are isomorphism, this implies that the bottom 
arrow is an iso and since A is strongly generating then [rj, 1] : [GFB, GO] [B, GC] 
is an isomorphism as well. 

(c) =^ {d) We use the same diagram with A e B. 

id) if) 
By functoriality 

F{B (8) B') ^ F{GFB (g) GFB') 

F{GFB (g) B') 

if) ^ («) 

We want to find an arrow u : GF[B, GC] [B, GC] such that rjoi/ — uorj — 1. 
Prom naturality of the following diagram 

B{GF[B, GC] (8) B, GC) ^ B{GF[B, GC] , [B, GC]) 

B{[B, GC] ® B, GC) ^ Bi[B, GC], [B, GC]) 

we obtain B{ri (g) 1, l)(0^^(z/)) = (f)~^{B{rj, l){i')) which implies that (p'^'iy) o (r; ® 1) = 
(i)~^{y o Tj). On the other hand we have that 

1 — v or] if and only if (f)~^(l) — 4>~^{i' o rj) if and only if ev — (f)~^(i') o (r^ (g) 1). 

Therefore by uniqueness it is enough to find an arrow x of the correct type which is 
a solution of the following equation 

ev — X o (j] <S> 1) 

for then x — i.e., (f){x) — v. We choose x — G{9~^{ev))GF{r] (8) 77)77(1 <H) 77) 

satisfying the following diagram 
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GF[B, GC] ® B GF[B, GC] GFB GF{GF[B, GC] ® GFB) 

To justify (1), let : B{[B,GC] ® B,GC) B{[B,GC], [B,GC]) be the tensor 
adjunction. By definition we have ev = 4>''^{1[b,gc])- Now consider the adjunction 
between functors F and G, 

e : C(F([B, GC] ®B),C)^ B{[B, GC] ® B, GC) 

and take e' = 9^^{ev). Then we have that G{e')oriiB,GC](^B = 0{e') = 6{6^^{ev)) = ev. 
It remains to prove that rj o u = 1. Since G : C — > i3 is a fully faithful functor, there 
is a unique / such that G{f) = rj o u. Also we know that v ot] = 1 Hence, we have 

Finally, from the adjunction 6 : C{F[B, GC],F[B, GC] B{\B, GC], GF[B, GC]) we 
obtain 9{f) = G{f) o riiB,GC], which implies that 6{f) = 0(1), i.e., / = 1. Therefore 

7]OU = G{l) = 1. 

(0)^(/) Seem- 
if) (0) 

The monoidal closed structure induced on C: 

Now using Theorem 16 . 1 . 3 1 we are able to induce a monoidal structure on the category 
C. Define C^C' = F{GC O GC') and f®g = F{Gf O Gg). Also define I = FI 
and {F,m) is monoidal functor, where mA,B '■ F{A)0F{B) — )■ F{A (g) B) is given by: 
mA,B = {F{ri ® r]))-^ with {F{r] ® rj))"^ : F{GFA ® GFB) -> F{A ® 5). 
The tensor has right adjoint given by the following formula [C,E]c = F[GC,GE], 
C,Ee \C\ 

C{D®C, E) = C{F{GD ® GC), E) = B{GD ® GC, GE) 
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^ B{GD, [GC, GE]) ^ B{GD, GF[GC, GE]) ^ C{D, F[GC, GE]) ^ C{D, [C, E]c). 

In order to obtain a monoidal structure on the category C we define natural isomor- 
phisms A, p and a determined by the following diagrams: 



/(g)C = F(GFI (g) GC) 

F{r,i<^l)-^ 

F{I (g) GC) - 



F(A) 



C 



FCC 



C®I = F{GC GFI) 
F{GC (g) 7) - 



c 



FCC 



C^iC'^C") = F{{GC O GF{GC' GC')) F{{GC O {GC ® GC")) 

F(a) 

(C®C")«)C" = F{GF{GC (g) GC") (g) GC") F((GC ® GC) (g) GC") 



For example we want to check that: 



(C(g)/)(g)C' ■ 



•C(g)(7®C') 



1®A 



C®C' 
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this diagram is the center (F) of the following diagram: 



F(GC ® GO') 



-F(1®A) 



FiGC S) (I S) GC')) 9- F(GC (gi GF(J ® GC')) " FfiglGC') 



F(c,) 




F(l(8(r,®l)) 



F(l®G(F(,,(8l)-i)) F(GC (gi GF(GG')) 

7 



F(GC ® (GF/ igi GC')) ■ 



P(i<Sv) 



F(GC (gi GF(GFI (g GC')) 



F(l(8G(ep, )) 



F(a) 



F(t,®1)-1 

F((GC ® GF/) igi GC') F(G(F(GG ® GF/)) ® GC') 




F(GC » GC') 



F(G(ec)»l) 



F((l®r,)®l)- 



F((GC®/) ®GC') ■ 



^(IGC®/®!) 



F(G(F(l®„j)-i)®l) F(G(F(GC)) ® GC') 

F(G(F(p))»i; 



F(G(F(GC (S I)) (» GC') 



F(p»l) 



-PClGC®!) 



F(GC ® GC') 



Diagram A: By naturality of 7] with 1 777 : GC (g) / ^ GC (8) GFI, then by 
functoriality of — (8) GC and F we obtain: 

FivGcm'^^) 



F{{GC ® /) ® GC) - 

-F((l®»?/)®1) 

F((GC®GF/)0GC) 



F(GF(GC ® /) ® GC) 

F(GF(l(gi»;/)(g)l) 

■F{GF{GC ®GFI)®GC') 



F(.VGC®GFI®i) 

Since F(1gc ® Vi), F{Vgc®i ® Igc) and F{r]Gc®GFi <S> lac) are invertible map 
this implies that F{{1gc ® Vi) ® Igc) is invertible as well. 

Diagram D: by naturality of r] with p : GC<S>I — >■ GC we have that GF{p)oriGc®i = 
Vgc ° P then by functoriality of — GC and F. 

Diagram H: by definition we have p = F{1 (g) F{p); e, then we apply functor 
—(8)— = F(G(— ) (8) G(— )) to the pair of arrows (p, Ic')- 
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Diagram C: by definition of a. 

Diagram B: by considering tlie diagram A. the map F{[1qc ^rji) (g) 1gc')~^ makes 
sense, also by naturality of a with Iqc, Vi ^GC, and then compose with F. 

Diagram E: this is analogous to diagram A. We consider naturality of r] with the 
map -qi®!: I® GC GFI ® GC', then compose with the functor GC (8) — and F. 
Since ^(77/ (8) 1) is invertible then F(l (g) GF{rji (g) 1)) is invertible and we have that: 

F{1 ® Vi^Gc) = F{1 ® G{{F{7]i ® 1)-^)) o F(l ® vgfk^gc) ° F{1 ® {tji ® 1)) 

Diagram G: this is analogous to diagram D. Naturahty of rj with A : I®GC' — > GC' 
then compose with GC ® — and F. 

At the bottom of the diagram we have an adjoint equation: r]a o G{e) — 1. 
We can also define p on the image of F in the following way: 



FB®i = F{GFB ® GFI) 



FB 



F{B®I) 

This coincides with the above definition: 



F{GFB ® GFlf^^^^^^ F{GFB ® I) 

F{m®m)-' F{G{F{B))) 



£FB 



F{B ® I) 



Hp) 



FB 



To see this we have that: 

F{p) o F{r]B (8) m)'^ = o F{p) o F{1gfb ® Vi^^ iff 

F{p) = efb o F{p) o F{1gfb «) r)i)-^ o F{r)B ® m) iff 

F{p) = £fb o F{p) o F{1gfb ® ViV^ ° F{1gfb <8) rji) o F{r]B 

F{p) = Efb o F{p) o F{7]b ® h) iff 

^~fI ° F{p) = F{p) o F{r]B 8) 1/) iff 

F{riB) o F{p) = F{p) o F{r]B ® 1/) iff 



1/) iff 
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F{r]Bop) = F{po{r)B^li)) 

where the last two equations are justified by naturahty of p with rjB B ^ GFB 

and, since G is full and faithful, we have that e is an isomorphism and = F{r)B)- 
We can also define an associativity isomorphism on the image of G 

a : {GC^GC')^GC" GC^{GC'^GC") 

in the following way: 



F{G{F{G{FB) ® G{FB'))) G{FB")) 

F(G(F(r;(g)r;)-i)(g)l) 

F{GF{B (g) B') (g) GFB") 
F{{B (g) B') ® B") 



F(a) 



F{GFB (8) GF{GFB' ® GFB")) 

F(l(g>GF(r?(gir?)) 

F{GFB ® GF{B' ® B")) 

F(r;(g)r;) 

^ F{B ^ {B' ® B")) 



F{G{F{G{FB) O G{FB'))) O G{FB")) ^^"^'^''^ F((G'FS O GFS') O GFS") 



F(G(F(r)(g)r))-i)®l) 

F{GF{B ® S') (8) GFS") 

F(?7®?7)-1 



F(a) 

F{B ® {B' ® B")) 




F{a) 

^ F{GFB®{GFB' ®GFB")) 

F{mr{) 

<^ F{GFB®GFiGFB' ®GFB")) 

F{\®GF{rt®n)) 

F{GFB®GF{B' ®B")) 



F{j]®j]) 



Diagram A commutes by naturality of r] with r] ® r] : B ® B' ^ GFB ® GFB': we 
apply — ®r]B" 



{B ® B') ® B" ■ 



GF{B B') ® GFB'' 

GF(??igi??)®l 



(GFS (8) GFB') ® GFS" GF{GFB ® GFS') ® GFS" 
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and then we apply functor F. 

Diagram B commutes by naturality of the isomorphism a 

Diagram C is analogous to diagram A: it commutes by naturality of t] with rj ® rj : 
B' ® B" — )■ GFB' ® GFB", then we apply 1] ^ — and finally we evaluate the functor 
F on this diagram. □ 



6.11 Application of Day's reflection theorem to 
presheaves 

Now we consider a particular case of Theorem 16.10.31 studied in [20]. Let us con- 

F 

sider [B°p, Set] ± C with G fully faithful and where {[B°p, Set], ®, /) has the 

G 

monoidal structure induced by the convolution product (defined in Proposition 16 .8 . 1]) . 
When A = i3(— , B) is a representable functor, by the Yoneda Lemma we have that: 

[A,GiC)]= [ [B{B\B),G{G){-®B')]=G{G){-®B) (17) 

JB' 

Now suppose there exists C' G C such that 

GiC)i- ® B) = GiC') (18) 

is a natural isomorphism between functors. Let us explicitly call (p the composition 
of these two isomorphisms (fT7|) and (fT8|) above: : [A, G'(C)] G{C'). Then we 
have: 

[A, G{C)] G{G') 



n[A,G{C)\ 



Vg(C') 



GF[A, G{G)] ^^^'^^ . GF{G{G')) 
From this diagram we conclude that the condition of ^7[a,g(c)] being an isomorphism 
is equivalent to the condition of ric{c') of being an isomorphism. Thus, since G is 
fully faithful we have by Proposition 16.5.11 that rj * G is always an isomorphism 
which implies that ?7[yi,G{G)] is an isomorphism as well. Therefore, the adjunction is 
monoidal if and only if condition (fT8|) is satisfied. 
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In the particular case when G is an inclusion this translates to the condition that 
there exists an isomorphism C{- ® B) ^ C' where C e C C [B°p, Set], B e B ior 
some C" e C. 

Remark 6.11.1. Consider C = Set]j„j. Suppose we have two functors F and 
H isomorphic in [B°''\ Set]. Then F preserves limits if and only if H preserves limits. 
Therefore the condition C {— ^ B) = C' & C implies that C{— ® B) preserves limits, 
i.e., C(— ® B) E Set]j„/. We have by hypothesis that C E C and hence it 
depends on whether the functor — ® B : B""^ — )> B""^ preserves limits. The same is 
valid if we consider not all but some specific limits: a certain class F. 



Chapter 7 



Presheaf models of a quantum 
lambda calculus 

In this chapter we study a categorical model for the quantum lambda calculus of 
Selinger and Valiron [67] . We focus on exploring the existence of such a model using 
presheaf categories. 

In [S3], Selinger defined an elementary quantum flow chart language and gave a 
denotational model in terms of superoperators. This axiomatic framework captures 
the behavior and interconnection between the basic quantum computation concepts 
such as the manipulation of quantum bits by considering two basic operations: mea- 
surement and unitary transformation in a lower-level language. In particular, the 
semantics of this framework is very well understood: each program corresponds to a 
concrete superoperator. 

Higher-order functions are functions that can input or output other functions. 
In order to deal with higher-order functions, Selinger and Valiron introduced, in 
several papers [BB], [HS], [ZO] a typed lambda calculus for quantum computation and 
investigated several aspects of its semantics. In this context, they combined two very 
well-established languages in the literature of computer science: the intuitionistic 
fragment of Girard's linear logic [2S] and the computational monads introduced by 
Moggi in [5B] . 

The type system of Selinger and Valiron's quantum lambda calculus is based on 
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intuitionistic linear logic, where the rules of weakening and contraction are controlled 
in a sensitive way by an operator "!" called "of course" or "exponential". This 
operator creates a bridge between two different kinds of computation. More precisely, 
a value of a general type A can only be used once, whereas a value of type \A can be 
copied and used multiple times. The impossibility of copying quantum information 
is one of the fundamental differences between quantum information and classical 
information, and is known as the no-cloning property. From the logical perspective, 
it therefore seems natural to relate quantum computation and linear logic. Note that 
the operator "!" satisfies the properties of a comonad. 

Since we have higher-order functions, as well as probabilistic operations (namely 
quantum measurement), the language needs to address the question of evaluation 
strategies. Otherwise, in some concrete situation, it would be impossible to give a 
coherent outcome every time for identical circumstances. In order to deal with this 
issue, Selinger and Valiron chose to incorporate a methodology d la Moggi by making 
the distinction between values and computations. Moggi [56j proposed the notion of 
a monad as an appropriate tool for interpreting computational behavior. At the level 
of the denotational model, this will be reflected by a strong monad. 

To summarize, let us say that the exponential operator ! will be modelled by 
a monoidal comonad arising from an adjunction between a cartesian category (ac- 
counting for classical duplicability) and a symmetric monoidal category (accounting 
for quantum non-duplicability) while the manipulation of the probabilistic aspect of 
the quantum computation is handled by a monoidal monad. The result of combin- 
ing these two methodologies is what Selinger and Valiron call a linear category for 
duplication. 

This is not the first time that this interaction between a monad and a comonad 
has been invoked in order to express denotational aspects of a system in computer 
science (see for example). But what is new in Selinger and Valiron's work, is 
putting this interaction in the context of quantum computation. 

In this thesis, we will focus exclusively on the categorical aspects of the model 
construction. Thus, we will not review the syntax of the quantum lambda calculus 
itself. Instead, we will take as our starting point Selinger and Valiron's definition of 
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a categorical model of the quantum lambda calculus [70] . It was already proven in [70] 
that the quantum lambda calculus forms an internal language for the class of such 
models. This is similar to the well-known interplay between typed lambda calculus 
and cartesian closed categories [52]. What was left open in [70] was the construction 
of a concrete such model (other than that given by the syntax itself). This is the 
question we answer here. 

The use of category theory to model and to explain formal languages has an 
established tradition in logic, but in quantum computation it constitutes a relatively 
recent trend. We finish this introduction by stressing that the field of quantum 
computation in connection with category theory is fast-growing. The ability to create 
bridges among these different branches of mathematics that are apparently far from 
one another is one of the motivating goals of this thesis and we hope to contribute in 
this direction. 

7.1 Definition of a categorical model for quantum 
lambda calculus 

In the introduction we informally described the main ideas and motivation of what 
should be a categorical model for quantum lambda calculus. Here we shall take the 
formal definition in [7D| as our starting point. However, before presenting it, we will 
give some preliminary definitions and we shall make some remarks about how to 
simplify its presentation. Several of the definitions sketched here will be made more 
precise in Section 17.31 and beyond. 

Let (C, ®, J, a, p, A, a) be a symmetric monoidal category. 

Definition 7.1.1. A symmetric monoidal comonad (!, 5, e, myi^^, m/) is a comonad 
{\,S,e) where the functor ! is a monoidal functor (!,m^5,m/), i.e., with natural 
transformations mA,B '■ \A ^ IB ^ \{A ^ B) and mi : I \I satisfying the coher- 
ence axioms of Definition I2.2.4[ such that 5 and e are symmetric monoidal natural 
transformations. 
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Definition 7.1.2. A linear exponential comonad is a symmetric monoidal comonad 
(!, 5, e, myi^5, m/) in which the following conditions hold: 

- for every A E C there exists a commutative comonoid, with d-A '-^-A -^lA^lA 
and — / as associated maps, 

- dA and ca are monoidal natural transformation with respect to the natural 
transformations m, 

- dA and ca are coalgebra morphisms when we consider {\A, 6a), {lA^lA, m\A,\A ° 
{Sa^ Sa)), and {I,mj) as coalgebras, 

- the maps Sa '■ {^■A,eA,dA) {\\A,e\A,d\A) are comonoid morphisms. 

Definition 7.1.3. Let {T,ri,fi) be a strong monad. We say that C has Kleisli expo- 
nentials if there exists a functor [— , — ]fc : x C ^ C and a natural isomorphism: 

C{A®B,TC)=C{A,[B,C]k)) 

Remark 7.1.4. When the category (C, ®, [— , — ]) is a monoidal closed category then 
it certainly has Kleisli exponentials just by putting [B,C]k = [B,TC]. 

Definition 7.1.5 (Linear category for duplication [70]). A linear category for du- 
plication consists of a symmetric monoidal category (C, ®, /) satisfying the following 
data: 

- an idempotent, strongly monoidal, linear exponential comonad {\,S,e,d,e), 

- a strong monad (T,^,ri,t), 

- C has Kleisli exponentials. 

Further, if the unit J is a terminal object we shall speak of an affine linear category 
for duplication, cf. Definition 12.5.11 

Remark 7.1.6. The definition of a linear category for duplication (Definition I7.1.5P 
is equivalent to the existence of a pair of monoidal adjunctions ([9], [55] and [i9]): 

(S, X , 1) , ± ' (C, ®, /) , ± ^ (P, ®, /) 

(G,n) 
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where the category B has finite products and C and V are symmetric monoidal closed 
categories. The monoidal adjoint pair of functors on the left represents a linear-non- 
linear model in the sense of Benton [S] in which we obtain a monoidal comonad by 
\ = L o I. The monoidal adjoint on the right gives rise to T = G o F a strong monad 
in the sense of Kock [18], |19] which is also a computational monad in the sense of 
Moggi [5S]. 

We now state the main definition of a model of the quantum lambda calculus. 

Definition 7.1.7 (Model of the quantum lambda calculus [70j). An abstract model of 
the quantum lambda calculus is an affine linear category for duplication C with finite 
coproducts, preserved by the comonad !. Moreover, a concrete model of the quantum 
lambda calculus is an abstract model of the quantum lambda calculus such that there 
exists a full and faithful embedding Q C^, preserving tensor ® and coproduct ©, 
from the category Q of norm non-increasing superoperators (see Definition 13.2.41) into 
the Kleisli category generated by the monad T. 

Remark 7.1.8. To make the connection to quantum lambda calculus: the category C, 
the Kleisli category Ct, and the co-Kleisli category Ci all have the same objects, which 
correspond to types of the quantum lambda calculus. The morphism f : A ^ B of C 
correspond to values of type B (parameterized by variables of type A). A morphism 
f : A ^ B in Ct, which is really a morphism f : A ^ TB in C, corresponds to 
a computation of type B (roughly, a probability distribution of values). Finally, a 
morphism f : A B in C\, which is really a morphism f : \A ^ B in C, corresponds 
to a classical value of type B, i.e., one which only depends on classical variables. The 
idempotence of "!" implies that morphisms \A B are in one-to-one correspondence 
with morphisms \A — )■ \B, i.e., classical values are duplicable. For details, see [70] . 

7.2 Outline of the procedure for obtaining the 
model 

Our complete process for obtaining a categorical model of the quantum lambda cal- 
culus consists of two stages. In the first stage, we will construct abstract models of 
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the quantum lambda calculus by applying a certain presheaf construction to suitable 
sequences of functors B ^ C ^ V. This construction is very general, and the base 
categories B, C, and V can be viewed as parameters. We will identify the precise con- 
ditions required of the base categories (and the functors connecting them) in order 
to obtain a valid abstract model. This is the content of Chapter [71 

In the second stage, we will construct a concrete model of the quantum lambda 
calculus by identifying particular base categories so that the remaining conditions of 
Definition 17.1.71 are satisfied. This is the content of Chapter [HI 

We briefly outline the main steps of the construction; full details will be given in 
later sections. 

• The basic idea of the construction is to lift a sequence of functors 

B^C^V 

into a pair of adjunctions between presheaf categories 

[B°P, Set] ± ' [C°P, Set] ± ' [1?°^, Set] 

Here, $* and \E'* are the precomposition functors, and L and Fi are their left 
Kan extensions. By Remark [7.1.61 such a pair of adjunctions potentially yields 
a linear category for duplication, and therefore, with additional conditions, an 
abstract model of quantum computation. Our goal is to identify the particular 
conditions on B, C, V, $, and \E', that make this construction work correctly. 

• By Day's construction, the requirement that [C°^, Set] and [D°p, Set] are 
monoidal closed can be achieved by requiring C and V to be monoidal. The 
requirement that the adjunctions L H $* and Fi H are monoidal is directly 
related to the fact that the functors \E' and $ are strong monoidal. More pre- 
cisely, this implies that the left Kan extension is a strong monoidal functor 
which in turn determines the enrichment of the adjunction. We also note that 
the category B must be cartesian. 
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One important complication with the model, as discussed so far, is the following. 
The Yoneda embedding F : D — > [D°^, Set] is full and faithful, and by Day's 
result, also preserves the monoidal structure ®. Therefore, if one takes V = 
Q, all but one of the conditions of a concrete model (from Definition I7.1.7P 
are automatically satisfied. Unfortunately, the Yoneda embedding does not 
preserve coproducts, and therefore the remaining condition of Definition 17.1.71 
fails. For this reason, we modify the construction and use the modified presheaf 
category and coproduct-preserving Yoneda embedding from Section 16. 9[ Our 
adjunctions, and the associated Yoneda embeddings, now look like this: 



[B°P, Set] ^d£^ [c°P, Set] E^£_^ pop^ q^^^ 



Y 



Y 



B 2 ^ 

The second pair of adjoint functors F -\ G is generated by the composition of 
two adjunctions: 



F-i F2 

[C°P, Set] ± ' Set] ± ' Set]r 

Here, the pair of functors F2 H G2 arises as a reflection of [Q°^, Set]r in 
[Q°^, Set], and depends on a choice of a certain class F of cones. The structural 
aspects of the modified Yoneda embedding Q — )■ [Q°^, Set]r depend crucially 
on general properties of the functor categories, which go back to the study 
of continuous functors by Lambek (see Section 16.61) and Freyd and Kelly (see 
Section 16. 9p . 

But, as we mentioned before, at the same time we still require that the reflec- 
tion functor remain strongly monoidal. Here will will use Day's results (see 
Section I6.10p on the conditions that are needed for the reflection to be strong 
monoidal, by inducing a monoidal structure from the category [Q°^, Set] into 
its subcategory [Q°^, Set]r (see Section r6.10p . In particular, this induces a 
constraint on the choice of F considered above: all the cones considered in F 
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must be preserved by the opposite functor of the tensor function in V (see 
Remark I6.11.ip . 

• Notice that the above adjunctions are examples of what in topos theory is named 
an essential geometric morphism, in which both functors are left adjoint to some 
other two functors: L H $* H Therefore, this shows that the comonad "!" 
obtained will preserve finite coproducts. 

• The condition for the comonad "!" to be idempotent turns out to depend on 
the fact that the functor $ is full and faithful. 

• In addition to the requirement that "!" preserves coproducts, we also need "!" to 
preserve the tensor, i.e., to be strongly monoidal, as required in Definition 17. 1.71 
This property is unusual for models of intuitionistic linear logic and puts some 
restriction on the range of possible choices we have for the category C. In brief, 
since the left Kan extension along $ is a strong monoidal functor we find that 
a concrete condition in the category C is necessary to ensure that this property 
holds when we lift the functor $ to the category of presheaves; see Section 17.61 

• Once we have constructed this categorical environment our next task is to trans- 
late these properties to the Kleisli category. To achieve this we use the compari- 
son Kleisli functor for passing from the framework we have already established to 
the Kleisli monoidal adjoint pair of functors. Also, at the same time in this con- 
text, we shall find it convenient to characterize the functor H : V ^ [C°^, Setj-r 

strong monoidal functor. 

All of the above steps yield an abstract model of quantum computation, para- 
metric on the sequence of functors B ^ C ^ V. 

• Finally, as we shall see in Section 18. 2[ we will identify specific categories B, C, 
and V that yield a concrete model of quantum computation. We let V = Q, 
the category of superoperators. The categories B and C must be chosen in such 
a way as to satisfy all of the properties outlined above. For B, we take the 
category of finite sets. 
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Identifying a suitable candidate for the category C is more tricky. For example, 
here are two of the requirements directly concerning the semantics: C must be 
affine monoidal and must satisfy the condition of equation (IT^ in Section 17.61 

In a series of intermediate steps, with the help of some universal constructions, 
we introduce a category C = Q" related to the category Q of superoperators. 

As we have noted, the category Q" plays a central role in our construction. It is 
in some sense the "barycenter" of our model. While the basic structural properties 
occur at the level of the functor categories, providing a general mathematical setting, 
the development of the concrete quantum meaning of the model occurs mostly at this 
base level. 

7.3 Categorical models of linear logic 

The first definition of a categorical model of linear logic was given by Seely [52] • Other 
pioneering studies in this area were Lafont's thesis [SO] and Abramsky's paper [Ij. 
Also, Mellies' survey [55] is an excellent introduction to the topic. 
Now we formulate Bierman's definition of linear category [T3] which is based upon the 
above-mentioned previous work on the Topic. We also state an equivalent alternative 
simplified version that we take from Benton [9J (this is the notion we outlined in 
Remark l7.1.6p . For the purpose of this thesis, since it is clear that the linear fragment 
of Definition 17.1.71 does not impose any constraints on the rest of the definition, 
it follows that it will be more helpful to work with Benton's version representing 
the underlying linear fragment. In any case, to appreciate the details behind these 
categorical models, Bierman's definition will occupy the rest of the present section. 

Definition 7.3.1 (Bierman). A linear category C consists of a symmetric 
monoidal closed category (C, /, ®, — a, A, p, 7) with a symmetric monoidal comonad 
{\,e,6,mi,mA,B) defined on C and monoidal natural transformations e :!(— ) — )■ /, 
d : !(-) !(-) (g) !(-) such that: 

- ba '■ !(^) ~^ I, dA '■ !(^) ~^ K^) ® K^) coalgebra morphisms for each A; 
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- {{\A,SA),eA,dA) is a commutative comonoid for every free coalgebra (1^4, 5^) 
and 

- morphisms between free coalgebras / : (lA, 5^) {\B,Sb) are also comonoid 
commutative morphisms. 

We will now consider the meaning of each of these conditions: 

- for every A & C there exists a commutative comonoid, with dA '-^-A -^lA^lA 
and ca '-^-A ^ I as associated maps. This means the following: 

The assumption that ((!^, Sa), g-a, dA) is a commutative comonoid for every free 
coalgebra {\A,5a) means that: 



\A- 



dA 



\A ® {lA^lA) 



\A®\A 



d-A^hA 



{\A^\A)^\A 



\A 



\A 



\A 



imA 



eA®l]A 



dA 



\AM 



h.A^eA 



P'.A 



\A 



\A 



dA 



dA 



\A®\A 

1\A,\A 

\A®\A 



dA and ca are monoidal natural transformation with respect to the natural 
transformation m. 

The transformations e :!(— ) — >■ / and d :!(— ) —>!(—) ® (— ) are monoidal 
natural transformations between monoidal functors; ii f : A ^ B then 
e : (!, myi^B, m/) — )■ (/, A/, 1/) is the statement that the following diagrams 
commute: 



\A- 



\B 
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I® I- 




and d : (!,mA,B,m/) {W,tA,B,ti): 



\B 



dA 



\A®\A 
\B®\B 



\A®\B ■ 



\A®\A®\B®\B 



mA,B 



\{A®B) 



Id\A®-y\A,\B®Id\B 



\A®\B®\A®\B — ^^'^ \{A ® B)®\{A ® B) 



with tA,B = {mA,B ® rnA,B)o Id\A ® 1\a,\b ® Id\B and 



mi 



\I 



I®I 



di 



with ti = {mi ® m/)o 

dA and ca are coalgebra morphisms when we consider {\A, 5a), {\A(S)^.A, m\A,\A° 
{Sa <E) Sa)), and (/, mj) as coalgebras: 

The definition of hnear category characterizes : {\A,5a) (I^'mi) and 
dA '■ {^■A,Sa) {^■A(^\A,miA,\A°{SA^(^A)) as coalgebra morphisms which means 
that the following diagrams commute: 
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eA 



Sa 



mi 



\\A 



\A 



Sa 



'■SA 



\I 



dA 

\A(, 



\A 



m\A,\Ao{SA®5A) 



\\A 

\dA 

[\A®\A) 



Morphisms between free coalgebras / : {}.A,5a) {IB, 6b) are also comonoid 
commutative morphisms. This means that if / :\A -^\B is an arrow with 

!/ ° = ° f then is also true that / : {\A, dj^, e^) — > {IB, ds, e^) is a map 
between commutative comonoids that is / :!A -^\B is an arrow that satisfies: 



\A' 



dA 



\B 



ds 



■ \AM 

m 

\B®\B 



\A 



IB 




SB 



To complete the list of conditions let us show the structural conditions. The 
natural transformations £ :!(— ) — > I and 6 :!(— ) —)■!!(—) aremonoidal. If {\,mj^ B,n^i) 
and {Id, Ia^Bj 1/) are monoidal functors then e : {\,mA,B,'m'i) {Id, Iac^B; 1/) is a 
monoidal natural transformation which is compatible in the sense that the following 
diagrams commute: 



\A®\B' 
A^B 



mA,B 



\{A®B) 

£Aig)B 

B 




Also S : {\,mA,B,'m'i) 0^-,tA,B,ti) is a monoidal natural transformation between 
monoidal functors; with tA,B =K''^a,b)° 'm'\A,\B and tj =\{mi)omi: 



\A®\B 



mA,B 



\{A®B) 



\\A&.\B^^\{\A^\B) 



!("*A,s) 



\\{A^B) 
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-5/ 

!!/ 

Recalling that a symmetric monoidal comonad (!, £, 5, mA,_B, "m/) is a comonad 
(!, e, 6) equipped with a symmetrical monoidal functor {\, 171^,3, ^z)? where: ! : C — ?■ C 
is a functor, for every object A and B there is a morphism itla b '^A^IB -^\{A ® -B) 
natural in A and 5, for the unit / there is a morphism rrij : I —)■!/. 

These morphisms with the structural maps a,A,p, 7 must make the following 
diagrams commute: 



!A (g) ^ \A®\{B ® C) 



{\A®\B)®\C 
IB^I- 



Pl.B 



\{A ® B)®\C ® 5) ® C) 



!5 



Kpb) 



\{B®I) 



\A(g)\B 

mA,B 

\{A®B) 



ll.A'.B 



Kia.b) 



\I®\B 

^\B®\A 

mB,A 

■\{B®A) 



ini,B 



Definition 7.3.2 (Benton A linear-non-linear category consists of: 

(1) a symmetric monoidal closed category (C, ®, /, — o) 

(2) a category {B, x, 1) with finite product 

(3) a symmetric monoidal adjunction: 

(B,xA) Z I ^ (C,^J). 

(G,n) 



CHAPTER 7. PRESHEAF MODELS 



173 



Note that Definition 17.3.21 is far simpler tlian Definition 17.3.11 Its significance is 
in the following: 

Proposition 7.3.3. Every linear-non-linear category gives rise to a linear category. 
Every linear category defines a linear-non-linear category, where {B, x , 1) is the cat- 
egory of coalgebras of the comonad 

Proof. See [9] or [55]. □ 

Remark 7.3.4. Kelly's characterization of monoidal adjunctions (see Proposi- 
tion I2.3.6P allows us to replace condition (3) in the definition of linear-non-linear 
categories by the following new statement in Definition 17.3.21 

(3') an adjunction: 

G 

and there exist isomorphisms 

mA,B : FA^FB ^ F{A x B) , mj : I ^ F{1) 

making {F, mA,B, frii) '■ {B, x, 1) — )■ (C, Cg), /) a strong symmetric monoidal func- 
tor. 

7.4 Linear-non-linear models on presheaf cate- 
gories 

Our purpose here is to characterize Benton's linear-non-linear models of intuitionis- 
tic linear logic, in the sense of Definition 17.3.21 on presheaf categories using Day's 
monoidal structure from Section 16.81 This is an application of monoidal enrichment 
of the Kan extension see [22]. We use Kelly's equivalent formulation of monoidal 
adjunctions from Proposition 12.3.61 

Proposition 7.4.1. Suppose we have a strong monoidal functor $ : x,l) 
{B,^,r) from a cartesian category to a monoidal category, i.e., we have a natural 
isomorphism <l>(a) (g) $(6) = $(a x b) and I = $(1). 
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Let us consider the left Kan extension along $ in the functor category [B"^, Set] 
where the copower is product on sets: 

Lan^{F) = j B(-,$(a)) x F{a) 

Then Lan,^, is strong monoidal. 

Proof. By the Yoneda Lemma, the strong functor $, Fubini and coend properties: 
Lan^{F x G) = Lan^{J"' A{—, a) x F{a) x j'^ A{—,b)x G{b)) by the Yoneda Lemma 



= Lan$(/" ''^(-, a) x A{—, b) x F{a) x G{b)) = Lan^{J"''^ A{—, axb) x F{a) x 



and pointwise product 

G{b)) cartesian product 

= f B{-, $(c)) X ' A{c, axb)x F{a) x G{b) = /" \f B{-, $(c)) x A{c, a x 
b)) X F{a) X G{b) definition of Kan extension 

= P ^ B{-, $(a X b)) X F{a) x G{b) = B{-, $(a) ® $(6)) x F{a) x G{b) $ 
strong functor 

= r\rBiy,^a)) X Bi-y ® $(6))) x F{a) x Gib) = /» 7^S(y,$(a)) x 
(/^ B(-, y®z)x B(z, $(&))) X F(a) x G(b) by the Yoneda Lemma 

= r\rBiy,^a)) X Fia)) x x Gib)) x Bi-y ^ z) ^ 

P ^((Lan#(F))(|/)) x ((Lan$(G))(2;)) x Bi—,y®z) by Fubini and copower preserves 
cohmits 

= Lan^iF) ®£) Lan^iG) by definition of Kan extension and convolution 
and also the units: 

Lan^il^) = Lan^iAi-,1)) = /"i3(-,$(a)) x ^(a, 1) = = = 

I'd- □ 
Remark 7.4.2. Note that, in view of the line of arguments used above, the case 
where A is monoidal has the same proof, i.e., if we have $(a) <S> ^ib) = $(a <S> b) and 
/ ^ $(/') we start directly from the convolution product: 

/a b 
A{-, a(g)b) X F{a) x G{b)) 

and we repeat the same proof. Also notice that when we have a product in A the 
convolution is a pointwise product of functors: 



/a b 
Ai-,ax b) X Fia) x Gib)). 



CHAPTER 7. PRESHEAF MODELS 



175 



Remark 7.4.3. If the unit of a monoidal category C is a terminal object then the 
unit of the convolution is also terminal. Let us consider a morphism a : F — > C(— , /) 
in the functor category [C°^, Set]. Then for every V there is only one way to define 
the map ay '■ F(y) — t- C(V, /) which is = ! for every x G F(y) in the category 

of sets. Hence there is a unique a. Therefore it is a terminal object in the functor 
category. 

7.5 Idempotent comonad in the functor category 

A comonad (!, e, 6) is said to be idempotent if 5 : ! ^ !! is an isomorphism. Let (!, e, 6) 
be the comonad generated by the adjunction: 

(P,x,l)^(V,®,/,^) 

G 

then 6 = Frjc with t] : A GFA. Thus if 1] is an isomorphism then 6 is also an 
isomorphism. Now consider the unit of the Kan extension: 

G =^ F*{LanF{G)). 

It is given by: 

G{a) '^B{F{a),F{a)) X G{a) , 




iWa)F(a) 



f BiF{a'),F{a)) x G{a') 
where i is the injection of the copower and w is the wedge of the coend. 

Proposition 7.5.1. If F is a full and faithful functor then rjc '■ G ^ F*{Lanp{G)) 
is an isomorphism. 

Proof. [15] □ 
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7.6 A strong comonad 

In this section we study conditions that allow us to force the idempotent comonad to 
be a strong monoidal functor. This property, part of the model we are building, is a 
main difference with other previously intuitionistic linear models. In order to achieve 
this, consider a full and faithful functor $ : ^ — > i3 as in Proposition 17.5.11 Let 
be the functor we had seen earlier in Section 16.71 

[i3°P,Set] ^ [X^Set], 

i.e., the right adjoint of the left Kan extension. 

Lemma 7.6.1. If there exists a natural isomorphism: 

i3($(a), 6) X B{<l>{a), b') ^ i3($(a), b ® b') (19) 

where a & A and b,b' & B and ^ is a fully faithful, strong monoidal functor then $* 
is a strong monoidal functor. 

Proof To see this: x $*(G) = F($(-)) x G($(-)) = j'' F{b) x i3(<l>(-),6) x 

G{b') X B{^{—),b') = by the Yoneda Lemma, definition of $* and the fact that 
convolution in [A"'^, Set] is pointwise cartesian product 

= F(6)xG'(6')xi5($(-),6)xi5($(-),6') = by properties of coends (preser- 
vation) 

^ f^' F{b) X G{b') X i3($(-), b®b')= by hypothesis ([19]) and Lemma EH] 

= (F ® G')($(-)) = ^*{F ® G) by definition of convolution in [B°p, Set] and 
definition of $*. 

Moreover the units are isomorphic, 
^*{B{-, I)) = B{^{-), I) ^ by definition of 

= B{^{-), $(1)) since $ is strong 

^(-,1) since $ is fully faithful. □ 

Remark 7.6.2. At this point it is useful to mention that the conditions of 
Lemma 17.6.11 are an example of a multiplicative kernel K : B x A°^ — ?■ Set from 
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the monoidal category B to A in the sense of [21]. In fact, K is exphcitly defined as 
K{b, a) = i5($(a), b) satisfying the two following equations as part of the definition: 

l>yz fc 



In Section [8^ we shall built a category satisfying this specific requirement among 
others. More precisely, from our viewpoint this will depend on the construction of a 
certain category that we will name Q" which is a modification of the category Q of 
superoperators. Also we consider the functor $ of Section [275] where = Q". 

7.7 If C has finite coproducts then Ct has finite 
coproducts 

An important property of the Kleisli construction is that if we assume that the original 
category has finite coproducts then we can define finite coproducts in the Kleisli 
category. 

Proposition 7.7.1. Kleisli categories inherit coproducts, i.e., if C has finite coprod- 
ucts then Ct also has finite coproducts. 

Proof. Suppose we have that A C and B ^ C two arrows in the category Ct- We 
take A Q)k B = A(B B on objects, and 





b 



A 



T{A © B) 



B 



T{A®B) 





A®B 



A®B 



as injections in the category Ct- 
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We want to find a unique A Q)k B 



C such that = [/^, g^]K ok il and 



5'" = [f^ ^9^]k °k i's commute. This is verified by the following diagram: 



VASiB 



T{A © B) 





where [/, g\ is the unique morphism that defines coproduct in C. This last diagram 
commutes by naturality of r] with respect to [/, g\ and by definition of monad. 
Uniqueness follows from the following reasoning: suppose there is an arrow A (Bk 
B — ^ C, i.e., A® B TC, such that /ic o T{h) o r]AisB ° = f and nc ° T{h) o 
Va®b ° "is = 9 then by naturality and monad definition we have that ho ij^ = f and 
h o = g, thus by uniqueness in C we have that h = [f,g]. □ 

We notice that C : Ct ^ T> preserves finite coproducts. To see this, by definition 
we have that = tia^b o iA and = rjA®B °iB- Then 

= c{riA(BB o ^a) = £f{A(bb) ° F{riA(BB ° = 

= £f(As)B) o F{7]a®b) o F{iA) = Ias)B o -^(m) = -F(m)- 
In the same way C{i^) = F{iB)- 

Given that right adjoint preserves coproducts then C{A ®k B) = C{A (Be B) = 
F{A ®K B) = FA®v FB and 



C{A 



B) = C{Af^ C{A ®kB) 



F{A) F{A) F{B) 



which is a coproduct in V. 

In the same way we can apply a similar reasoning with B. 



7.8 The functor H : V ^ Ct 



7.8.1 Preliminaries 

Let C and V be categories, and let C and T = G o F be defined as in Section 17.21 
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[C°P, Set] ± ' [V"P, Set]r 

G 

In this section we consider the construction of a coproduct and tensor preserving 
functor H : V ^ Ct with properties similar to the Yoneda embedding. We investigate 
the role of a general category V fully embedded into a Kleisli category Ct- Certain 
properties of this functor are introduced in order to apply this to the category of 
superoperators Q as well as to develop a methodology for obtaining higher-order 
models in the sense of Section 17. 1[ 

Let Fi H Gi and F2 H G2 be two monoidal adjoint pairs with associated natural 
transformations (Fi,mi), {Gi,ni) and (^2,7712), {G2,n2)- We shall use the following 
notation F = F2 o Fi, G = Gi o G2, T = G o F. We now describe a typical situation 
of this kind generated by a functor $ : C — )■ X'. 

Let us consider Fi = Lariip and 6*1 = $*. With some co-completeness condition 
assumed, we can express Fi{A) = J^V{—, $(c)) (g) A{c) and Gi = $*. 



On the other hand we consider 




[V"P, Set] 



F2 



[P°P,Set]r 

where we take F2 = LanyiYr) : [1)"^, Set] [V"P,Set]r, and Yr : V ^ 
[V°P,Set]r is given by Yr{d) = V{-,d). Thus we have that F2(D) = D Yr = 
j'' D{d)®Yr{d). 

Assuming that [P"^, Set]r is co-complete and contains the representable 
presheaves then the right adjoint is given by 

G2{F) = [D°P,Set]r{Yr~,F) = [V"p , Set]{Y - , F) ^ F 



since it is a full subcategory and by the Yoneda Lemma. Therefore we consider G2 
as the inclusion functor up to isomorphism. 
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7.8.2 Definition of H. 

We want to study the following situation: 




The goal is to determine a fully faithful functor, H in this diagram, that preserves 
tensor and coproduct. 

First, notice that the perimeter of this diagram commutes on objects: 

Fi(C(-, c)) = y V{-, $(c')) ® C(c', c) = Vi-, $(c)) 
When we evaluate again we obtain: 

F^iVi-, $(c))) = I' V{d', $(c)) ® Yr{d') = rr(*(c)) = $(c)) 

Summing up we have that F{C{—, c)) = , $(c)) up to isomorphism. 
Suppose now that $ is onto on objects. We have that: 

V{-,d) = V{-,^c)) 

for some c e C, i.e., we can make a choice, for every d & I'D], of some c e |C| such that 
$(c) = d. Let us call this choice a "choice of preimages". We can therefore define a 
map H : \T>\ ^ \Ct\ by H{d) — C(— , c) on objects. 

Hence, we can define a functor H -.V ^ Ct va. the following way: 
let d A- d' he an arrow in the category D, then we apply obtaining , d) 
V{-,d'). This arrow is equal to X'(-,$(c)) P(-,$(c')) for some c, c' e C and 
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for the reason stipulated above is equal to F{C{—,c)) F{C{—,c')). Now we use 
the fact that the comparison functor C : Ct — > '^'r, 



C : Ct{C{-, c),C{-, c')) ^ T)r{F{C{-, c)), F{C{-, c'))) 

is fully faithful, i.e. there is a unique 7 : C(— , c) — )> C(— , c') such that C(7) = lr(/)- 
Then we define: H{f ) = 7 on morphisms and H{d) = C(— , c) on objects, where c is 
given by our choice of preimages. 

Explicitly on arrows we have that H : V ^ Ct is given by H{f) = G(Fr(/))°'7c(-,c) 

i.e., 

C(-,c) ""-^^ GF{C{-,c)) ^^W^ GF{C{-,c')) 
Reiricirk 7.8.1. We notice that: 



C o H{d) = c)) = F(C(-, c)) = $(c)) = d) = yr(o?) 



Also since <^{c) = d — )■ d' = <^{d) then 



F(C(-, c)) = $(c)) ^i:^^ $(c')) = F(C(-, c')) 



Moreover, 



C o H{f) = C{ C(-, c) '^^^ GF(C(-, c)) ""^^^^ GF(C(-, c')) ) - rr(/) 



since 



c)) ^^!^ FGF(C(-, c)) ^^(^ FGF(C(-, c')) 



£f(C(-,c)) 



^(C(-,c)) 



£f(C(-,c')) 

nC(-,cO) 



Thus C o = Fr- 



Remark 7.8.2. Suppose that we are in the above situation where (F2, 1712) H (G'2, "^2) 
is a monoidal adjunction. The Yoneda embedding is a strong monoidal functor re- 
specting the Day's convolution monoidal structure. Then we have: 
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(F2,m2) 




{y,y) 



Since the adjunction is monoidal F2 is a strong monoidal functor. This imphes that 
Yp is a strong monoidal functor by composition. 

7.8.3 C : Ct — > is a strong monoidal functor 

We define C (A) (^^^C{B) ^ C{A<^CtB) by the following arrow: F{A)(^^^F{B) ^ 
F{A<^B). We want to check naturality: for every A A- A' , B B' , where f^geCr 



C{A) C(S) 



c(/)®£,j,c(a) 
C{B') 

This turns out to be 



F{A) F(B) 



rriAB 



eFA'PU)®epB,F{g) 



F{A') F{B') 
where ®Ct 9^ is equal to 



■F{A^c B) 



F{G{m^,g,)n{f®g)) 



■ F{A' ®c B') 



A®B^ GFA' ®c GFB' 
We define / "^^^ C{I) = F{I). 



G{FA' (g)^^ FB') ""^^^'^ GF{A' ®^ B'). 
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F{A) ® F{B) ""^^ > F{A ® B) I^'^{TA' ® TB') -^F{G{FA' ® 

^ — '^GFA'GFB' (a) ^ --' 

FG'F(^') FGF{B') FG{F{A' 5')) 

FA' FS' > F(A' ® S') 

(a) commutes since £ is a monoidal natural transformation of the monoidal adjunction 
(F,m) H {G,n). 

(b) £ is natural with m. 

Since m^s and mj are invertible in Pr then uab and li/ are invertible. This 
implies that (C, m) is a strong functor. 
Now we want to check that 



C{A) I - 
C{A) C{I) 

T 

since A ®Ct I ^ Aishj definition ^ (g)c / A A A- OF A this imphes that C(p^) 



"A/ 



IS 



F(A g) /) FA "^-H^ FGFA FA 



i.e., C(p^) = -^(p)- Thus we obtain that 



F{A)®F 



■F{A) 



rriAi 



F{A®I) 



F{A) ® F{I) 

and this is satisfied since (F, ni) is a monoidal functor. The same is true for the A 
axiom. 
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C{A) ® {C{A') ® C{A")) 



C{A) (g) C{A' (g) A") 

'"■A,A'S>A" 

C{A ® {A' ® A")) - 



{C{A) ® C{A')) C{A") 



C{A (8) A') (8) C{A") 



C{{A®A)®A!') 



C(a) 

For the same reasons as above we have that C{pF^ — F{a), since — r]Ai^A',A" ° ol 
by definition. 



7.8.4 if is a strong monoidal functor 



We want to define a natural transformation H{A) ®ct H{B) H{A (8)x> B) that 
makes H into a strong monoidal functor. 

Definition of ip. 

We begin by recalling that (C, u) and (Yr, y) are strong monoidal functors, i.e., u 
and y are isomorphisms, and since C is a fully faithful functor this allows us to define 
ipA,B as the unique map making the following diagram commute: 

Yr{A) O Yr{B) — Yr{A ® B) ^ C o H{A ® B) 

Juha,hb C'(i/'a,s), 

C{H{A) (8) H{B)) 

In the same way we define V'/ as the unique map ipi : I ^ H{I) making the 
following diagram commute: 

^-^Yr{I) = CoH{I) 




i.e., since C is fully faithful the unique ipj such that C{ipj) = yi o uj^. 
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c 



Notice that since Ct T^v is fully faithful and u and y are invertible maps this 
implies that is an invertible map. 
We shall prove naturahty of (f). 



CH{A) 



CH{f)®CH{g)= 



CH{B 




UHA. 



C{H{A) (g) H{B)) — CH{A ® = Yr{A (g) B) 



YrirnVrig) (c) 



C(H(f)m(9)) 



(d) 



CH{f®g)=Yr(f®g) 



C{H{A') ® H{B')f^^hH{A' ® B') = Yr{A' ® B') 



'"■HA'HB' 




yA',B' 



CH{A') ® CH{B') = Yr{A') ® YriB') 



(a) and (b) by definition of ■0- 

(c) naturality of u where (C, u) is a monoidal functor. 

The perimeter of the diagram commutes by naturality of y where {Yr, y) is a monoidal 
functor. Using the fact that uha,hb is an iso, all this implies that the interior square 
{d) commutes. Thus we obtain that C{ijjA',B')oC{H{f)iS)H{g)) = CH{f®g)oC{i)A,B) 
therefore since C is faithful i^A^w ° {H{f) ® H[g)) = H{f ® g) o ipA,B- 

Now we want to prove that this natural transformation satisfies all the axioms of 
a monoidal structure. We start with the following axiom: 



H{A) ® H{I) 
H{A) ® H{I) 



IpAI 



-H{A) 

H{p) 

H{A®I) 



(20) 



This turns to be the following diagram: 
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CH{A) CH{I) 

We use the same argument again and we show that it satisfies the required equation. 

(a) C is a monoidal functor. 

(b) by definition of ipAj- 

(c) naturahty of u where (C, u) is a monoidal functor. 

(d) definition of ipj. 

The exterior diagram commutes because {Yp, y) is a monoidal functor. Using the fact 
that uha,i is an iso, all this implies that the interior square (e) commutes. Again, 
since C is faithful we get H{p) o ipj^j o (^l ^ ipj) = p which is diagram fl^U]) . 
In the same way we can verify that H{X) o ipj^^ ° (V^/ ® 1) = A. 
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Now we move to proving the associativity axiom. 



CHA ® CH{A' ® A") 



CHA O {CHA' ® CHA") 




CHA®C{HA" ®HA") CHA(E)C{HA'®HA") {CHA-CHA 

(a) 



CHA" 




CHA ® CH{A' ® A") ^^^C{HA (g> {HA' ® HA")) C{HA ® HA') ® CHA") 

C{a) 



yA,A'<S>A" 




C(1®Va' A") 



C{HA //(^' A")) C{{HA HA') O i/A 



CWa.a'oa") 



(fe) C'(V'A,A'^ 





CWa^a'.a") 



C(Va,a')®1 



!/A,A'^ 



CH{{A ® A') ® A"J^1jH{A ®'a')^ CHA" ^ CH{A ^ A') '® CHA" 
The goal is to prove that the diagram {k) commutes. We have that: 



(a) : {C,u) is a monoidal functor. 

(b) and (h): u is natural with ^ and 1. 

(c) and (d): definition oi ipA,A'<siA" and iPa^a',a"- 

(i) and (g): definition of ipA^A" and iI!a,A' and functoriality of the tensor, 
(f) and (j): are equal. 

The exterior diagram commutes because {Yr, y) is a monoidal functor. 
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Since 1 ® uha',ha" and uha,ha'^ha" are isos it is enough to check that 

(top leg of (h)) o -u o (1 (g) -u) = (bottom leg of (h)) quo (1 (g) -u). Then we use the fact 

that C is a faithful functor. 

Remark 7.8.3. Notice that since C and Yp are fully faithful functor, H is fully- 
faithful as well. 

7.8.5 H preserves coproducts 

In this section we focus on the specific problem of the preservation of finite coproducts 
of the functor H defined in Section [7.8.21 First, we notice that the category [C°^, Set] 
has finite coproducts. These coproducts are computed pointwise: if F and G are in 
[C°P, Set] then (F © G){C) = F{C) ® G{C) for every C e C and with injections as in 
the category Set. 

Also these coproducts are preserved going to the category [D"^, Set]r via the left 
adjoint F = F2 o Fi, where F2 = R is the left adjoint of the reflection determined 
by the class F. The coproducts in [1)°^, Set]r are induced by this reflection i \- R. 
More precisely: A (Br B = R{i{A) © i{B)) and inr = R{in) where A and B are in 
[D°P, Set]r. Then, it makes sense to think about finite coproducts in [D°^, Set]r. 

Finally, the Kleisli category Cj- inherits the coproduct structure from C as we 
proved in Section 17.71 Therefore, [C°^, Set]^ has finite coproducts. Recall that the 
comparison functor 

C : [C°P, Set]T [V°P, Set]r 

is fully faithful. Also, by Corollary I6.6.6[ H : V ^ [C"^,Set]j' preserves coproducts 
iff [C°P, Set]T{H-, A) : V°p Set preserves products for every A G [C°p, Set]^. 
But, we have 

[C°P,Set]T{H-,A) = [V°P,Set]r{CH-,CA). 
More precisely, since G is fully faithful then the following functors: 
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and 

(^^)- ^^^^^^^ Set 

are naturally isomorphic. 
Therefore, we have: 

[V°P,Set]r{CH-,CA) = [V°P,Set]r{Yr-,CA) 

because CH = Yp. Also, 

[V"P,Set]r{Yr~,CA) = [V"p , Set]{Y - , C A) 

because [P"^, Set]r is a full subcategory of Set] and Ir— = Y— evaluated on 
— . Finally, 

[V°P,Set]{Y-,CA) = CA 

holds because by the Yoneda Lemma 16.1.51 there is a bijection which is natural in 
— , i.e., these functors are naturally isomorphic. But CA G Set]r for every 
A G [C""*^, Setjy, which by definition means that CA satisfies the property of continuity 
i.e., preserves all the cylinders and limit cones that are in F. In particular, since 
natural isomorphisms preserve limits, it will be enough to impose that condition on 
the class F. From this, we conclude that F contains all the finite products. This is 
another requirement to obtain a model. 



7.9 Ft H Gt is a monoidal adjunction 

In this section we show how a monoidal adjoint pair (F, m) H (G, n) induces a 
monoidal structure for the adjunction F'x H Gt associated with the Kleisli construc- 
tion, where T = CF . 

Lemma 7.9.1. Let F -\ C be a monoidal adjunction, let T = GF, and consider the 

Ft 

Kleisli adjunction C ^ ±' Cr as in Definition \2.1.4\ Then Ct is a monoidal category 

Gx 

and Ft H Gt is a monoidal adjunction. 

Proof. Since F H G is a monoidal adjunction, it follows that T = GF is a monoidal 
monad. The result then follows from Lemma [2.3.31 □ 
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7.10 Abstract model of the quantum lambda cal- 
culus 

To sum up the sections of this chapter we have the following theorem. 

Theorem 7.10.1. Given categories B, C and V, and functors $ : i3 — C, and 
^ : C ^ T>, satisfying 

- B has finite products, C and V are symmetric monoidal, 

- B, C, andV have coproducts, and they are distributive w.r.t. tensor, 

- C is affine, 

- $ and \1/ are strong monoidal, 

- $ and \& preserve coproducts, 

- ^ is full and faithful, 

- \1/ zs essentially surjective on objects, 

- for every b E B , c, c' E C we have 

C($(6), c) X Cmb), c') = Cmb), c ® c'). 

Let r be any class of cones preserved by the opposite tensor functor, including all the 
finite product cones and Lan<^, $*, F and G be defined as in Section pOj Then 

Lan^ p 

[B°P, Set] ± ' [C°P, Set] ± [V°p, Set]r 
forms an abstract model of the quantum lambda calculus. 

Proof. Relevant propositions from sections 16. 7[ 16. 8[ 16. 9[ I6.10[ 16. IH 17. 3[ 17. 4[ I7.5[ 17.61 

□ 



Chapter 8 



A concrete model of the quantum 
lambda calculus 

8.1 An example: Srelj^ 



Before we give the main model for higher-order quantum computation, it is instructive 
to consider a simpler model for higher-order probabilistic computation. In the sense 
of Section \7.2\ we let V be the category Srel/„ of sets and stochastic relations, see 
Definition 14.2. 3^ and we let C be the category of finite sets and functions. In this 
setting, we let "!" be the identity comonad, i.e., B = C. The latter is justified because 
in the context of classical probabilistic computation, there are no quantum types and 
no no-cloning property; all types are classical and hence \A = A. 

Lemma 8.1.1. Srel/^ has finite coproducts, satisfying distributivity {A(B B) ® C = 
A®C ® B®C. 

Proof. The coproduct of two objects is given by their disjoint union. A® B = {Ax 
1) U (5 X 2). Injections are given by the following stochastic maps: ii : A A (B B 
and 12 : B A® B, where 
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and 



1 if j = 2 and x = y 



otherwise. 



It is easy to verify that these satisfy the required universal property. The natural 
map 

dA,B,c : A(^C ® B ^ {A® B) ®C 

is defined as [ii ^C,i2®C]. The map d is easily seen to be a natural isomorphism by 
precomposing with injections ii, 12 and using the universal property for coproducts. 



Definition 8.1.2. Let \& : FinSet — )■ Srelj^ be the functor that is the identity on 
objects, and defined on morphisms by 



Remark 8.1.3. The functor \E' is strong monoidal and preserves coproducts. 

Theorem 8.1.4. The choice B = FinSet, C = FinSet, V = Srel/„ with ^ = id 
and \E' as in Definition \8.1.S[ Let T be the class of all finite product cones in D"^. 



Remark 8.1.5. Such a model could be considered to be a concrete model of "prob- 
abilistic lambda calculus", i.e., of higher-order probabilistic computation. 

Remark 8.1.6. By Lemma fS.l.lj the functor — (g) X preserves finite coproducts for 
all X G Srelj^. It is possible to show that this functor in fact preserves all existing 
colimits (due to the natural isomorphism A®X = A(BA(B...(BA, \X\ times for 
any fixed X). Therefore, in Theorem I8.1.4[ we could have alternatively defined F to 
be the class of all limit cones. In fact, any class of limit cones that contains at least 
all finite product ones would do. Each such choice yields an a priori different model. 



□ 




This choice satisfies all the properties required by the Theorem \7.10.1\ Therefore, this 
gives an abstract model of the quantum lambda calculus. 



Proof. By Lemma [8 . 1 . 1 1 and Remark 18.1.31 



□ 
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8.2 The category and the functors ^ and ^ 

Recall the definition of the category Q of superoperators from Section I3.2[ In this 
section, we discuss a category Q" related to superoperators Q, together with functors 
FinSet Q" Q. Here, the goal is to choose Q" and the functors $ and \l/ 
carefully so as to satisfy the requirement of Theorem I7.10.1I 

Recall the definition of the free affine monoidal category Twm(lC) from Sec- 
tion 12.61 We apply this universal construction to situation where /C is a discrete 
category. For later convenience, we let /C be the discrete category with finite dimen- 
sional Hilbert spaces as objects. Then J^wmiJC) has sequences of Hilbert spaces as 
objects and dualized, compatible, injective functions as arrows: 

- objects: finite sequences of finite dimensional Hilbert spaces 

- a morphism from {Vi, . . . , Vn} to {Wi, . . . , Wm} is given by an injective function 
/ : {1, . . . , m} — )■ {1, . . . , n}, such that for all z, V/(i) = Wi. 

Remark 8.2.1. Since the objects of Q and J^wm{IC) are finite sequences of finite- 
dimensional Hilbert spaces, and there are only countably many finite-dimensional 
Hilbert spaces up to isomorphism, we may w.l.o.g. assume that Q and J^wm{IC) are 
small categories. 

Now consider the identity-on-objects inclusion functor F : /C — )■ where Q'^ is 
the category of simple trace-preserving superoperator defined in Section 13.21 Since 
Q'g is affine, by Proposition 12.6.31 there exists a unique (up to natural isomorphism) 
strong monoidal functor F such that: 




J-'wm{}C) 

Remark 8.2.2. This reveals the purpose of using the equality instead of < in the 
definition of a trace-preserving superoperator (Definition 13 . 2 . 4p . When the codomain 
is the unit, there is only one map /(p) = tr(p), and therefore Q'^ is affine. 
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Remark 8.2.3. By definition, is a full subcategory of Q, and the inclusion functor 
: — )■ Q is strong monoidal. Also, since every trace preserving superoperator is 
trace non- increasing, Q'^ is a subcategory of Q^, and the inclusion functor E : Q'^ 
Qg is strong monoidal as well. 

Then we apply the machinery of Proposition 12.4.91 to the functor: 

j^wm{K) 4 q; 4 ^ q. 

where In and E defined in Remark 18.2.31 

Definition 8.2.4. Let Q" = (J-'wm(/C))+ and let \E' be the unique finite coproduct 
preserving functor making the following diagram commute: 




Note that such a functor exists by Proposition 12.4.41 and it is strong monoidal by 
Proposition 12.4.91 

Remark 8.2.5. Since 

^{{Vthe[n.^}aeA = Wm 
aeA 

the functor \E' is essentially onto objects. Specifically, given any object {Va}a&A ^ |Q|, 
we can choose a preimage (up to isomorphism) as follows: 

'^{{Vthm}aeA = Wm\}*ei = {VajaeA- (22) 
Here is the full picture of categories and functors: 




(J^wm(/C))+ 
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Remark 8.2.6. Since Fwm{]C) is an affine category and Q" = Fwm(lC)^ , let us 
consider the functor 

$ : Finset Q" 

defined by Lemma I2.5.2I 

Theorem 8.2.7. The choice B = FinSet, C = Q" , V = Q with the functors $ as 
in Remark \8.2.6[ and \1/ as in Definition \8.2.4\ satisfies all the properties required by 



Theorem 7.10.1 



Proof. By relevant propositions from Section 18.21 □ 

8.3 A concrete model 

Theorem 8.3.1. Let Q and Q" be defined as in Sections \3.2\ and \8.2[ Let T be the 

class of all finite product cones in D"^ where D = Q. Then 

[FinSet Set] ± [Q"°f , Set] ± ' [Q°p, Set]r 
forms a concrete model of the quantum lambda calculus. 

Proof. The proof is by Theorem 18.2.7^ by and by Theorem I7.1U.1[ □ 



Chapter 9 

Conclusions and future work 



In the first part of this thesis, we estabhshed that the partially traced categories, in 
the sense of Haghverdi and Scott, are precisely the monoidal subcategories of totally 
traced categories. This was proved by a partial version of Joyal, Street, and Verity's 
"Int" -construction, and by considering a strict symmetric compact closed version of 
Freyd's paracategories. 

We also introduced some new examples of partially traced categories, in connection 
with some standard models of quantum computation such as completely positive maps 
and superoperators. 

One question that wc did not answer is whether specific partially traced categories 
can always be embedded in totally traced categories in a "natural" way. For example, 
the category of finite dimensional vector spaces, with the biproduct © as the tensor, 
carries a partial trace. By our proof, it follows that it can be faithfully embedded in a 
totally traced category. However, we do not know any concrete "natural" example of 
such a totally traced category (i.e., other than the free one constructed in our proof) 
in which it can be faithfully embedded. 

In the second part, we constructed mathematical (semantical) models of higher- 
order quantum computation, and more specifically, for the quantum lambda calculus 
of Selinger and Vahron. The central idea of our model construction was to apply 
the presheaf construction to a sequence of three categories and two functors, and 
to find a set of sufficient conditions for the resulting structure to be a valid model. 
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The construction depends crucially on properties of preshcaf categories, using Day's 
convolution theory, Lambek's modified Yoneda embedding, and Kelly and Freyd's 
notion of continuity of functors. 

We then identified specific base categories and functors which satisfy these ab- 
stract conditions, based on the category of superoperators. Thus, our choice of base 
categories ensures that the resulting model has the "correct" morphisms at base 
types, whereas the presheaf construction ensures that it has the "correct" structure 
at higher-order types. 

Our work has concentrated solely on the existence of such a model. One question 
that we have not yet addressed is specific properties of the interpretation of quantum 
lambda calculus in this model. It would be interesting, in future work, to analyze 
whether this particular interpretation yields new insights into the nature of higher- 
order quantum computation, or to use this model to compute properties of programs. 



Bibliography 



[1] Samson Abramsky. Computational interpretation of linear logic. Theoretical 
Computer Science, 111 (l-2):3-57, April 1993. 

[2] Samson Abramsky (1996). Retracing Some Paths in Process Algebra. In CON- 
CUR 96, Springer LNCS 1119, 1-17. 

[3] S. Abramsky, B. Coecke. A categorical semantics of quantum protocols. In Proc. 
19th Annual IEEE Symp. on Logic in Computer Science (LICS 2004), IEEE 
Computer Soc. Press, 415-425. 

[4] S. Abramsky, E. Haghverdi, P. J. Scott (2002). Geometry of Interaction and 
Linear Combinatory Algebras. MSCS, vol. 12(5), 2002, 625-665, CUP. 

[5] H. P. Barendregt. The Lambda- Calculus, its Syntax and Semantics, volume 103 
of Studies in Logic and the Foundation of Mathematics. North Holland, 1984. 

[6] P. BeniofF. The computer as a physical system: A microscopic quantum mechani- 
cal Hamiltonian model of computers as represented by Turing machines. Journal 
of Statistical Physics, 22(5): 563-591, May 1980. 

[7] M. Barr, C. Wells. Toposes, Triples and Theories. Springer- Verlag, 1985. 

[8] M. Barr, C. Wells. Category Theory for Computing Science. Prentice-Hall, En- 
glewood Chffs, NJ, 1990. 

[9] N. Benton. A mixed linear and non-linear logic: Proofs, terms and models (ex- 
tended abstract). In Lcszek Pacholski and Jerzy Tiuryn, editors. Computer Sci- 
ence Logic, Eighth International Workshop, CSL' 94 Selected Papers, Volume 



198 



BIBLIOGRAPHY 



199 



933 of Lectures Notes in Computer Science pages 121-135 Kazimierz, Poland, 
September 1994. European Association for Computer Science Logic, Springer 
Verlag. 

[10] N. Benton, P. Wadler. Linear logic, monads and the lambda calculus. In Pro- 
ceedings of the 11th Symposium on Logic In Computer Science, LICS'96, pages 
420-431, New Brunswick, New Jersey, US., 1996. IEEE Computer Society Press. 

[11] Gavin Bierman. On Intuitionistic Linear Logic. PhD thesis. Computer Science 
department, Cambridge University, England, UK, 1993. Available as a Technical 
Report 346, August 1994. 

[12] N. Benton, G. Bierman, M. Hyland, V. C. V. de Paiva. Linear lambda-calculus 
and categorical models revisited. In Computer Science Logic, Sixth International 
Workshop, CSL '92, Selected Papers, volume 702 of Lecture Notes in Computer 
Science, San Miniato, Italy, September 1992. European Association for Computer 
Science Logic, Springer Verlag. 

[13] N. Benton, G. Bierman, V. C. V. de Paiva, M. Hyland. A term calculus for intu- 
itionistic linear logic. In Marc Bezem and Jan Friso Groote, editors, Proceedings 
of the Inter- national Conference on Typed Lambda Calculi and Applications, 
TLCA'93, volume 664 of Lecture Notes in Computer Science, pages 75-90, Ul- 
trech, Netherlands, March 1993. Springer Verlag. 

[14] G. Bierman. What is a categorical model of intuitionistic linear logic. In Marian- 
giola Dezani-Ciancaglini and Gordon D. Plotkin, editors. Proceedings of the Sec- 
ond International Conference on Typed Lambda Calculi and Applications, TLCA 
'95, volume 902 of Lecture Notes in Computer Science, pages 78-93, Edinburgh, 
Scotland, UK., April 1995. Springer Verlag. 

[15] F. Borceux. Handbook of Categorical Algebra 1. Cambridge University Press, 
1994. 

[16] M. D. Choi. Completely positive linear maps on complex matrices. Linear Algebra 
and its Applications, 10(3):285-290, June 1975. 



BIBLIOGRAPHY 



200 



[17] A. Carboni P. Johnstone. Connected limits, familial represent ability and Artin 
glueing. Math. Struct, in Comp. Science (1995), vol. 5, pp. 441-459. 

[18] B. Day. On closed categories of functors. Lecture Notes in Mathematics 137 
(Springer, Berlin, 1970) 1-38. 

[19] B. Day. A reflection theorem for closed categories. J. Pure Appl. Algebra 2 (1972) 
1-11. 

[20] B. Day. Note on monoidal localisation. Bull. Austral. Math. Soc. 8 1973, 1-16. 

[21] B. Day. Monoidal functor categories and graphic Fourier transforms (2006). 
math.QA/0612496 QA(CT) 

[22] B. Day, R. Street. Kan extensions along promonoidal functors. The- 
ory and Applications of Categories 1 (4) (1995) 72-78. MR96a:18003 
ftp:// ftp.tac.mta.ca/pub / tac / volumes / 1995 / n4 /vln4.dvi,ps. 

[23] S. Eilenberg, G. M. Kelly. Closed categories. In Samuel Eilenberg, David K. 
Harrison, Saunders Mac Lane, and Helmut Rohrl, editors. Proceedings of the 
Conference on Categorical Algebra, La Jolla 1965, pages 421-562, University of 
Cahfornia, San Diego, Cahfornia, US., June 1965. Springer Verlag. 

[24] P. Freyd, G. M. Kelly. Categories of continuous functors I, Journal of Pure and 
Applied Algebra 2, 1972, 169-191. 

[25] P. Preyd and A. Scedrov. Categories, Allegories, North- Holland, 1990. 

[26] J. Y. Girard. Linear Logic. Theoretical Computer Science, 50(1):1-101, 1987. 

[27] J. Y. Girard. Geometry of Interaction I: Interpretation of System F. In Proc. 
Logic Colloquium 88, North Holland, 1989, 221-260. 

[28] J. Y. Girard, Y. Lafont, and Paul Taylor. Proofs and Types, volume 7 of Cam- 
bridge Tracts In Theoretical Computer Science. Cambridge University Press, 
1990. 



BIBLIOGRAPHY 



201 



[29] J. Y. Girard. Between logic and quantic: a tract. In Thomas Ehrhard, Jean- Yves 
Girard, Paul Ruet, and Philip Scott, editors, Linear Logic in Computer Science, 
volume 316 of London Mathematical Society Lecture Note Series, chapter 10. 
Cambridge, UK., 2004. 

[30] M. Giry. A Categorical Approach to Probability Theory. Categorical Aspects of 
Topology and Analysis, Lecture Notes in Mathematics, volume 915, pages 68-85, 
1980. 

[31] E. Haghverdi. A Categorical Approach to Linear Logic, Geometry of Proofs and 
Pull Completeness, PhD Thesis, University of Ottawa, Canada 2000. 

[32] E. Haghverdi, P. J. Scott. A categorical model for the Geometry of Interaction, 
Theoretical Computer Science Volume 350, Issues 2-3 , Feb 2006, pp. 252-274. 
(Preliminary Version in: in Automata , Languages, ProgrammingilCALP 2004), 
Springer LNCS 3142, pp. 708-720). 

[33] E. Haghverdi, P. J. Scott. From Geometry of Interaction to Denotational Seman- 
tics. Proceedings of CTCS2004. In ENTCS, vol. 122, pp. 67-87. Elsevier. 

[34] E. Haghverdi, P. J. Scott Towards a Typed Geometry of Interaction, Math. 
Structures in Computer Science, Camb. Univ. Press, Vol. 20, issue 03, 2010, pp. 
1-49. [Preliminary Version in: CSL2005 (Computer Science Logic), Luke Ong, 
Ed. SLNCS 3634, pp. 216-231. ] 

[35] E. Haghverdi, P. J. Scott (2008a). Proofs as polynomials. ENTCS, Proc. 
MFPS24, Vol. 218, 2008, pp. 53-72. 

[36] E. Haghverdi, P. J. Scott (2010). Geometry of Interaction and the Dynamics 
of Proof Reduction: a tutorial, in: New Structures for Physics, ed B. Coecke, 
Springer Lecture Notes in Physics, 2010 (to appear). 

[37] M. Hasegawa (1997). Recursion from Cyclic Sharing : Traced Monoidal Cate- 
gories and Models of Cychc Lambda Calculus, Springer LNCS 1210, 196-213. 



BIBLIOGRAPHY 



202 



[38] M. Hasegawa (2009). On Traced Monoidal Closed Categories, Mat/i. Struct, in 
Comp. Science, vol. 19(2), 217-244. 

[39] C. Hermida, P. Mateus. Paracategories I: internal paracategories and saturated 
partial algebras. The. Comp. Science 109, 2003, pp. 135-156. 

[40] M. Hyland, A. Schalk (2003). Glueing and Orthogonality for Models of Linear 
Logic. Theoretical Computer Science vol. 294, pp. 183-231. 

[41] A. Joyal, R. Street, D. Verity (1996). Traced Monoidal Categories. Math. Proc. 
Camb. Phil. Soc. 119,1996, 447-468. 

[42] G.B. Im, G.M. Kelly. A universal property of the convolution monoidal struc- 
ture. J. Pure and Appl. Algebra 43, 75-88, 1986. 

[43] G.M. Kelly. Adjunction for enriched categories. Rept. Midwest Categorical Sem- 
inar III, Lectures Notes in Math. 106 (Springer, Berhn, 1969) 166-177. 

[44] G.M. Kelly Doctrinal adjunction. Lectures Notes in Math. 420 (1974), 257-280. 

[45] G. M. Kelly and M. L. Laplaza. Coherence for compact closed categories. Journal 
of Pure and Applied Algebra, 19:193-213, December 1980. 

[46] G.M. Kelly. Basic Concepts of Enriched Category Theory, LMS Lectures Notes 
64, Cambridge University Press, 1982. 

[47] J. F. Kennison. On limit preserving functors, Illinois Journal of Mathematics, 
12, 1968, 616-619. 

[48] A. Kock. Monads on symmetric monoidal closed categories. Arch. Math. 21, 1-10, 
(1970). 

[49] A. Kock. Strong functors and monoidal monads. Archiv der Mathematik, 23, 
1972. 

[50] Y. Lafont. Logiques, Categories et Machines. PhD thesis, Universite Paris 7, 
1988b. 



BIBLIOGRAPHY 



203 



[51] J. Lambek. Completions of Categories, Lectures Notes in Mathematics, Vol.24, 
Springer- Verlag, Berlin, Heildeberg, New York, 1966. 

[52] J. Lambek and P. J. Scott. Introduction to Higher Order Categorical Logic. Cam- 
bridge University Press, 1986. 

[53] M.L.Laplaza. Coherence for distributivity. Lecture Notes in Math. 281, 1972, 
29-65. 

[54] S. Mac Lane. Categories for the Working Mathematician, 2nd Ed. Springer, 1998. 

[55] P.A. Mellies. Categorical models of linear logic revisited. Preprint, 2002. 

[56] E. Moggi. Computational lambda-calculus and monads. Technical Report ECS- 
LFCS-88-66, Laboratory for Foundation of Computer Sciences, Edinburgh Uni- 
versity, Scotland, UK, 1988. 

[57] E. Moggi. Notions of Computations and Monads. Information and Computation, 
volume 93(1), pages 55-92, 1991. 

[58] A. Nielsen, L L. Chuang. Quantum Computation and Quantum Information. 

Cambridge University Press 1 edition 2000. 

[59] R. Penrose. Applications of negative dimensional tensors, in Combinatorial Math- 
ematics and its Applications, ed. D.J.A. Welsh, Academic Press, 1971, 221-244. 

[60] B. C. Pierce. Types and Programming Languages. MIT Press, 2002. 

[61] J. Preskill. Lecture notes for quantum computation. Available online, 1999: 
http: / /www.theory.caltech.edu/people/preskill/ph229/ 

[62] R. Seely. Linear logic *-autonomous categories and cofree coalgebras. In John 
W. Gray and Andre Scedrov, editors, Categories in Computer Science and Logic, 
(Boulder, Co, 1987) Volume 92 of Contemporary Mathematics 371-382 Amer. 
Math. Soc. 1989. 



BIBLIOGRAPHY 



204 



[63] P. Sclingcr. Towards a Quantum Programming Language, Math. Structures in 
Comp.Sci.l4(4), pp.527-586, 2001 

[64] P. Selinger. Towards a semantics for higher-order quantum computation. In Peter 

Sehnger, editor, Proceedings of the Second International Workshop on Quantum 
Programming Languages, volume 33 of TUCS General Publication, pages 127- 
143, Turku, Finland, July 2004c. TUCS. 

[65] P. Sehnger. Dagger compact closed categories and completely positive maps. 
In Peter Selinger editor Proceedings of the Third International Workshop on 
Quantum Programming Language, Chicago, Illinois, US, July 2005. 

[66] P. Selinger. A survey of graphical languages for monoidal categories Book chap- 
ter. To appear in Bob Coecke, editor, A^ew Structures for Physics, Springer Lec- 
ture Notes in Physics, 2009. 63 pages. 

[67] P. Selinger, B. Valiron. A lambda calculus for quantum computation with clas- 
sical contiol. Mathematical Structures in Gomputer Science 16:527-552 2006a. 

[68] P. Selinger, B.Vahron. On a fully abstract model for a quantum functional lan- 
guage. In Peter Selinger, editor. Preliminary Proceedings of the Fourth Interna- 
tional Workshop on Quantum Programming Language, pages 103-115 Oxford, 
UK July 2006b. To appear in ENTCS. 

[69] P. Selinger, B. Valiron. Linear- non- linear model for a computational call-by- 
value lambda calculus. In Proceedings of the Eleventh International Conference 
on Foundation of Software Science and Computational Structures (FOSSACS 
2008), volume 4962 of Lectures Notes in Computer Science pages 81-96, Budapest 
Hungary, April 2008. 

[70] P. Selinger, B. Valiron. Quantum lambda calculus. Book chapter in Simon Gay 
and Ian Mackie, editors. Semantic Techniques in Quantum Computation, Cam- 
bridge University Press, pp. 135-172, 2009. 



BIBLIOGRAPHY 



205 



[71] B. Valiron. A functional programming language for quantum computation with 
classical control. Master's thesis, University of Ottawa, 2004. 

[72] B. Valiron. Semantics for a Higher Order Functional Programming Language for 
Quantum Computation. PhD thesis. University of Ottawa, 2008. 



